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ABSTRACT. What is the maximum number of points one can place in an n x n grid such that every Euclidean
line contains at most k points? For k = 2, this is the notorious no-three-in-line problem of Dudeney. In this
paper, we resolve this problem for all other k (and sufficiently large n). Namely, for k > 3 and sufficiently large
n, we show that this maximum is exactly kn.

To prove this, our key observation is that in the regime k > 3, the problem is dominated in a certain
statistical sense by the influence of a small number of “heavy” lines with many grid points. We apply a result
of Ehard-Glock—Joos on pseudorandom hypergraph matchings to construct a set of size kn — o(n) with at most
k points on each heavy line, and then a crude deletion argument yields a no-(k + 1)-in-line set of nearly the
same size. Finally, we use a randomised switching procedure to complete the construction (building upon ideas
of Simkin and Luria).

Using similar ideas, we also address the no-four-on-a-circle problem of Erdés and Purdy. Namely, we prove
the existence of a set of 2n — o(n) points in the n x n grid such that no four of these points lie on a circle or a
line, improving on the previous construction of size n — o(n) due to Dong and Xu.

1. INTRODUCTION

The no-three-in-line problem, posed by Dudeney in the early 20th century [10], asks for the maximum number
of points that can be placed on an n X n grid such that no three points are collinear. This problem is still
open: the best known upper bound 2n comes from the observation that each of the n horizontal lines can
contain at most two points, while the best known lower bound (1.5 — o(1))n is given by the modular hyperbola
construction of Hall, Jackson, Sudbery, and Wild [20] (improving on an earlier algebraic construction of Erdds;
see [32]). For more history and background, we refer to the surveys [6, 13].

There are several different conjectures concerning the asymptotic behaviour of the answer to the no-three-
in-line problem, including suggestions that it could be roughly 1.5n [17], roughly 2n [6], or somewhere in
between [13, 19]. For n < 60, examples of no-three-in-line sets of size 2n were found by Prellberg [31].

A natural generalisation of this problem, first studied by Brass and Knauer [5] in a more general context, is to
ask for the maximum size of a subset of the n x n grid such that no k£ 4+ 1 points are collinear. Denoting this
maximum by fi(n), the trivial upper bound is fx(n) < kn, since each of the n rows (or columns) can have at
most k points. Also, note that this problem is only interesting for n > k: when n < k, the whole grid has no
k + 1 collinear points, and thus fi(n) = n?.

Lefmann [27] proved that fi(n) = Q(kn) for n > k > 2. Kovécs, Nagy, and Szabé [26] showed that fx(n) = kn
aslong as n > k > C+y/nlogn for some absolute constant C, and Grebennikov and Kwan [16] recently extended
this result to all n > k > 10°%7.

For 3 < k < 10%7, the best known lower bounds are due to Kovacs, Nagy, and Szabé [25]: by combining
algebraic constructions with probabilistic ideas, they showed [25, Theorem 1.5] that if n is sufficiently large
then fx(n) > (k — 2 — (k mod 2))n, and further improved the multiplicative constant for small values of k
(see [25, Theorems 1.6 and 1.7], e.g. they obtain that f3(n) > 1.973n). In this paper, we prove that in fact
fx(n) = kn for every k > 3 and sufficiently large n, thus showing that the trivial upper bound is tight.

Theorem 1.1. Let n,k be integers such that k > 3 and n > max(ng, k) for some absolute constant ng. Then
there exists a set S C [n]? of size kn such that every Euclidean line contains at most k points of S.
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Of course, the assumption k > 3 means that in this paper we do not say anything new about the no-three-in-
line problem (which corresponds to the case k = 2). In fact, there are some important statistical differences
between the case k = 2 and the case k > 3 (related to the relative significance of lines in different directions),
which we discuss in Remark 1.7.

Remark 1.2. All previous constructions for small & have been “algebraic”, in the sense that they are based on
algebraic curves in an affine plane (Z/pZ)? for some prime p < n (in fact, Green [17] asked whether every “large”
no-three-in-line set reduces to an algebraic curve modulo some prime). In contrast, our proof of Theorem 1.1
is non-algebraic and uses only fairly crude combinatorial properties of lines in [n]2.

Remark 1.3. In this paper we are concerned with Euclidean lines in [n]?> C R?. One can also ask about
“toroidal” lines in (Z/nZ)?, but this makes the problem substantially different. Indeed, the toroidal analogue
of Theorem 1.1 is simply not true: if n is an odd prime, the “trivial bound for generalised arcs” implies that
every no-(k + 1)-in-line set in (Z/nZ)? has size at most (k — 1)(n + 1) + 1. See [2] for a survey of this topic.

1.1. Higher dimensions. A further generalisation of this problem, also introduced by Brass and Knauer [5],
asks for the maximum size of a subset of the d-dimensional grid [n]? that contains at most k points in each affine
subspace of dimension s. Denoting this maximum by fx 4.s(n), the trivial upper bound is fx 4.s(n) < knd=s.
Again, this problem is only interesting for s+ 1 < k < n°: since any s+ 1 points lie in a common s-dimensional
affine subspace, for k < s we have fi q4,5(n) = k, and since the whole grid [n]¢ has at most n® points in each

s-dimensional affine subspace, for k > n® we have fi 4.5(n) = n?.

Improving on earlier results of Brass—Knauer [5] and Lefmann [27], it was observed by Sudakov and Tomon [37,
Theorem 1.4] that fx 4.s(n) = Qq(n?"%) when k is sufficiently large in terms of d, using a connection to optimal
subspace evasive sets over finite fields. Dvir and Lovett [11] gave an algebraic construction of such objects; an
alternative construction was observed by Conlon following the random algebraic method [7], and by Sudakov
and Tomon [37]. Ghosal, Goenka, and Keevash [14, Theorem 1.1] extended the bound fi 4.s(n) = Qa(n?=*) to
all k > d + 1. Grebennikov and Kwan [16] proved that fy. 4.¢(n) = (1 + o(1))kn?=* when both n and k tend to
infinity. In the current work, we extend this result to the case when k is arbitrary satisfying d +1 < k < n°
and n tends to infinity.

Theorem 1.4. Let n,d, s,k be integers such that d+ 1 < k <n® and 1 < s <d—1. Fiz an arbitrary n > 0,
and suppose that n is sufficiently large in terms of d and 1. Then there exists a set S C [n]? of size at least
(1 — n)kn=* such that each s-dimensional affine subspace contains at most k points of S.

The assumption k > d+ 1 in Theorem 1.4 has the same significance as the assumption k£ > 3 in Theorem 1.1:
the regime s + 1 < k < d has quite different statistical properties. In fact, it was observed in [27, 38] that for
some values of k,d, s in this regime, fx 45(n) is much smaller than n?=*.

1.2. No-four-on-a-circle problem. A similar question, attributed to Erdds and Purdy (see [18, F3]), asks
for the maximum number of points fe.(n) that can be placed in the n x n grid so that no four points lie
on the same circle or on the same line. Thiele [39, 40] proved that n/4 < ferc(n) < 2.5n — 1.5, and Dong
and Xu [9] recently used an algebraic construction to improve the lower bound to n — o(n). Independently,
Ghosal, Goenka, and Keevash [14, Corollary 1.4] showed that feiyc(n) > Tn/12 for large n via a random deletion
argument. We improve the lower bound further, demonstrating that feie(n) = 2n — o(n).

Theorem 1.5. Fiz an arbitrary n > 0, and suppose that n is sufficiently large in terms of n. Then there exists
a set S C [n)? of size at least (2 — n)n that does not contain four points on a circle or on a line.

We do not believe that this bound is asymptotically sharp: in fact, using our methods (with some additional
work), one should be able to show that feyc(n) = (2 + A)n for some absolute constant A > 0 and all large n
(see Remark 6.5). However, in the interest of keeping this paper short and simple, we do not pursue this here.

Remark 1.6. To try to learn more about the problem, we ran some experiments with Google DeepMind’s tool
AlphaFEvolve [29], which uses an evolutionary search algorithm to produce point sets certifying lower bounds
on fere(n). In Appendix B, we present the results of these experiments, which weakly suggest that feic(n)/n



might tend to a limit strictly between 2 and 2.5 as n — oco. We would like to thank Adam Zsolt Wagner for
providing us with access to AlphaEvolve and personally assisting us in running many experiments.

1.3. Proof ideas. Theorems 1.1, 1.4 and 1.5 are proved using similar methods, related to hypergraph match-
ings and random processes. In this subsection, we focus on the proof of Theorem 1.1, which is by far the most
involved, and discuss aspects specific to Theorems 1.4 and 1.5 where appropriate.

Our proof of Theorem 1.1 consists of two conceptual parts: first, we construct a no-(k 4+ 1)-in-line set of size
kn — o(n) from a pseudorandom matching in a suitable hypergraph, and then we perform a sequence of o(n)
local modifications (switches) to obtain a no-(k -+ 1)-in-line set of size exactly kn. A similar approach was used
by Simkin and Luria [36] (and later in [4, 35]) to obtain a lower bound on the number of sets S C [n]? of size
n containing at most one point in each row, column, and diagonal (also known as n-queens configurations).
While there are apparent similarities between the n-queens problem and the no-(k 4 1)-in-line problem, the
actual implementation of this strategy in our setting requires several new ideas.

Since for k > 1037 the desired statement is proved in [16] (via a rather different approach), we focus on the
case when k is a fixed constant. Pick € > 0 sufficiently small in terms of k, and assume that n is sufficiently
large in terms of k and €.

Approximate constructions via hypergraph matchings. We begin by constructing a set Sy C [n]? of
size kn — Oy (en) that contains at most k points on each “c-heavy” line, i.e. on every line with direction vector
(a,b) € Z? such that |a|,|b] < 1/e. Viewing each such line as a vertex and each point of [n]? as an edge
incident to the lines that contain it, this reduces to finding an almost-perfect matching in (the k-blow-up of)
a certain O(1/e?)-uniform hypergraph. The existence of such a matching follows from the classical theorem of
Pippenger and Spencer [30] (proved using the celebrated Rddl nibble technique), and a result of Ehard, Glock,
and Joos [12] further ensures that this matching can be taken to be pseudorandom (i.e., behaving similarly to
an independent random subset of the edges of our hypergraph, in a suitable sense).

This pseudorandomness condition allows us to handle the remaining “c-light” lines via a crude deletion argu-
ment. Namely, it implies that the number of (k + 1)-tuples of points of Sy lying on the same e-light line is
O (en), and hence deleting one point from each such tuple concludes the proof.

Remark 1.7. The final deletion step crucially relies on the assumption k& > 3: under this assumption, it turns
out that the problem is dominated by the few heaviest line directions. To give some intuition for this, suppose
that Sp is obtained not from a pseudorandom matching but by including each point of [n]? independently with
probability k/n. Then the expected number of (k 4 1)-tuples in Sy lying on the same e-light line is at most

k
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where the sum is over all possible slopes a/b of e-light lines. It is not hard to check that this expression is
Opg(n - an:[1/€J+1 1/m*=1). If k > 3, then the sum here is a tail of a convergent series: heuristically, this
means that e-light lines contribute very little compared to e-heavy lines. On the other hand, if £ = 2, then this
sum is about logn (independently of €), and each “dyadic scale” of m contributes to the sum equally.

Remark 1.8. Theorem 1.4 is proved using an argument very similar to the one described above (in general,
we need to consider primitive lattices in place of direction vectors). To prove Theorem 1.5, we first use an
estimate by Huxley and Konyagin [21], which implies that almost all cyclic quadrilaterals in the grid are isosceles
trapezia. Then, we use a two-stage hypergraph matching argument. In the first stage, we use a pseudorandom
matching in a suitable hypergraph to construct a point set Sy of size n — o(n) that contains at most one point
on each e-heavy line. In the second stage, we construct a point set Sy of size n — o(n) that contains at most
one point on each e-heavy line and such that S; U .S contains no isosceles trapezia with e-heavy parallel sides
(again from a pseudorandom matching but in a different hypergraph depending on ;). Finally, we delete one
point from each of the remaining forbidden configurations in S; U Sa: isosceles trapezia with e-light parallel
sides, cyclic quadrilaterals that are not isosceles trapezia, and quadruples of points on the same e-light line.



Completion procedure. Let T' = O (en) be the “size of the defect”: i.e., kn minus the size of the approximate
configuration Sinix produced by the first part of the argument. Let (cq,...,cr) and (r1,...,77) be the multisets
of indices of columns and rows that remain “unsaturated” (i.e., the number of times a column index appears in
the sequence (cq,. .., cr) is k — #{points of Siyit in this column}, and similarly for row indices). Our goal is to
perform T “switches”, as in the work of Simkin and Luria [36], such that the ¢-th switch increases the number
of selected points in both the column and the row of (¢, ;) by one while keeping the number of selected points
in other rows and columns unchanged.

Specifically, we say a point (z,y) in the current set of selected points S;_; is an absorber for some point (c,r)
if the set Sy(x,y) := S;_1 \ {(z,y)}U{(z,7), (c,y)} contains at most k points on each line'. Then, at step ¢, we
pick a uniformly random absorber (z,y) and set S; := Si(x,y). The key proposition (Proposition 4.10) then
states that, with high probability, at each step t < T we have 2(n) absorbers to choose from.

The proof of Proposition 4.10 combines the pseudorandomness of the initial configuration Si,;; and the ran-
domness of the completion procedure. To make these two notions compatible, we need to extend the Ehard—
Glock—Joos result slightly, so that it also allows Sj,;; itself to be a “spread” random set, thus reusing some
randomness of the first part of the proof. Using the pseudorandomness of Si,it, we show that it contains many
absorbers? for every point (c,7) € [n]2. To bound the number of absorbers for (c;, ;) that are “lost” during the
completion procedure (up to step t), we use moment-based arguments. In turn, the relevant moment estimate
follows from the “spreadness” of Siniy and of an auxiliary random set Spai¢ that includes a random one of the
two points added at each of the previous switching steps.

Remark 1.9. To establish an exact bound in Theorem 1.4 (analogous to Theorem 1.1) using this approach, one
would need a suitable version of the completion procedure for higher dimensions. Note that a subset of [n]? that
contains exactly k points in each axis-aligned affine subspace of dimension s corresponds to a (multipartite)
(n,d,d— s, k)-design, and one would need to transform a pseudorandom configuration of (1 —o(1))kn%=* points
into such a design via local modifications. This might be related to the challenging problem of finding designs
inside Erdés—Rényi random hypergraphs of appropriate density (see [8, 22, 23, 24, 33] for partial results in this
direction).

1.4. Organisation of the paper. In Section 2, we state our main technical tool: Lemma 2.2 about pseudo-
random hypergraph matchings (we formally deduce it from [12] in Appendix A). The two parts of the proof
of Theorem 1.1 (the approximate construction and the completion procedure) appear in Sections 3 and 4,
respectively. In Section 5, we prove our higher-dimensional result (Theorem 1.4), and in Section 6 we prove
our bound for the no-four-on-a-circle problem (Theorem 1.5).

Notation. For a positive integer n, we write [n] = {1,...,n}. For a set X and a positive integer ¢, we write
(‘;f ) for the collection of all subsets of X of size /. We write a == b to denote a quantity that differs from a by at
most b. We sometimes omit floor and ceiling symbols and assume large numbers are integers, when divisibility
considerations are not important. For a hypergraph H, we write V(H) and E(H) for its vertex set and edge
set, respectively. Also, we write A(H) for its maximum degree and Ag(H) for its maximum codegree (i.e., the
maximum number of edges containing a fixed pair of vertices). For functions f = f(n) and g = g(n), we write
f = O(g) to mean that there is a constant C' such that |f(n)| < C|g(n)| for sufficiently large n. Similarly,
we write f = Q(g) to mean that there is a constant ¢ > 0 such that f(n) > c|g(n)| for sufficiently large n.
Finally, we write f = o(g) to mean that f(n)/g(n) — 0 as n — co. Subscripts on asymptotic notation indicate
quantities that should be treated as constants.
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IThis is a simplification: in the actual definition of absorbers (Definition 4.1), we require a slightly stronger condition.
2Strictly speaking, at this stage we only work with “absorbers with respect to e-heavy lines”.



2. PRELIMINARIES

The classical Rddl nibble technique can be used to prove that a regular hypergraph of degree A with small
codegrees has a matching that covers a 1 — oa_00(1) fraction of its vertices (see [30]). Further refinements of
this method [1, 12, 15] show that, in addition, one can demand that this matching is pseudorandom, in the
sense that it shares certain statistical properties with the set obtained by including each edge independently
with probability 1/A. Lemma 2.2 below (essentially due to Ehard, Glock, and Joos [12]) is one such result
that we will use heavily in this paper.

Definition 2.1. For a finite set X and ¢ € N, an f-uniform test function® on X is a function w : (f) — Ryo.
For an arbitrary set X’ C X, we write w(X') := ZYe(X/) w(Y). For j € [¢] and N € N, define
4

Aj(w) := max Z w(Y) and By (w) := max A (w)N’.
1= o 51— JEl]
2J,|Y|=¢
Also, we say that a random subset S of X is (g, C)-spread if for every set Y C X of size at most C we have
PlY C 5] < ¢Yl.
For us, X will always be the edge set E(H) of some hypergraph. We say that an ¢-uniform test function w on

E(H) is clean if w(F) = 0 whenever F € (E(Z'L)) is not a matching. For an arbitrary test function w on E(H),
let W be its cleaning defined by w(E) = w(FE) if E is a matching and w(F) = 0 otherwise.

Lemma 2.2. Fiz § € (0,1) and r, L € N with r > 2. Let v := §/(100L?r?), and let A be sufficiently large in
terms of 8,7, L. Let H be an r-uniform hypergraph with A(H) < A, Ao(H) < A9, and e(H) < exp(A'yz).
Suppose that for each £ € [L] we are given a set of clean (-uniform test functions Wy on E(H) of size at most
exp(AY*). Then there exists a ((1+ A~7)/A, A)-spread random matching M in H that always satisfies

“Nw w)AS

for each € € [L] and w € W.

This is a slight extension of [12, Theorem 1.3] which follows from the same construction, so we defer the proof
to Appendix A. The main new feature of Lemma 2.2 (which is implicit in [12] but made explicit here) is
the spreadness of the resulting random matching M. It has the following useful consequence: for an arbitrary
additional -uniform test function wy with £ < A7 (possibly, such that Ba (wp) is large compared to wo(E(H))),
we have

N

¢
A) wo(E(H)),
and hence by Markov’s inequality wo(M) = O(wo(E(H))/A*) with probability at least 1/2.

1+ A7
Bluo(M)] <
We also record a simple but extremely convenient fact about spread random sets.
Fact 2.3. Let 51,55 be coupled random subsets of X, such that:
e Sy is (q1,C4)-spread, and
e if we condition on any outcome of S, then the conditional distribution of So is (g2, C2)-spread.

Then S1 U Sy is (q1 + g2, min(Cy, C3))-spread.

Proof. Consider a set Y C X of size at most min(Cy, Cs). Then,
PY CSUS< Y Ellycs, PVaCSI[S)< > PYiC8i) g

YiUYs=Y YiUYs=Y

vyl |Y:
< Y Ml = (@) O
YiuYse=Y

3We use the terminology of [15]; in [12] these are called £-tuple weight functions.



3. APPROXIMATE CONSTRUCTION

In this section we give a short proof of the following approximate version of Theorem 1.1. This constitutes the
first part of the proof of Theorem 1.1, and also serves as an illustration of our approach.

Proposition 3.1. Fiz an arbitrary n > 0, and let n, k be integers such that k > 3 and n is sufficiently large
in terms of k and 1. Then there exists a set S C [n]? of size at least (1 — n)kn such that every Euclidean line
contains at most k points of S.

Let D denote the set of possible directions of lines that intersect [n]? in at least two points:
D :={(a,b) € Z* : |a| < n, |b| < n, ged(a,b) =1, a >0 or (a =0 and b > 0)}.

For € € (0,1], we say that a direction d € D is e-heavy if 1/||d|lc = &; otherwise, we say that it is e-light.
Let D. C D denote the set of e-heavy directions, and note that |D.| = O(1/¢%). We say that a Euclidean
line is e-heavy (resp. e-light) if its direction is e-heavy (resp. e-light). To handle the light lines via a deletion
argument, we will use the following counting lemma.

Lemma 3.2. For every ¢ € (0,1] and p € [n]?, there are O(en?3) triples of points {p1,p2,p3} C [n]>\ {p} such
that p,p1,p2,p3 lie on the same e-light line.

Proof. For each m € N, there are at most 4m directions d € D with ||d||cc = m. For each e-light direction d,
the line through p in direction d contains at most n/||d|| other points of [n]?, and hence there are at most
(n/||d||o0)? choices for the triple {p1, p2, p3} on this line. Taking the sum over all e-light directions, we conclude
that the total number of such triples is at most

deD\D. © m=|[1/e|+1

Definition 3.3. Let H. be the following |D.|-uniform |D.|-partite hypergraph: the vertices of H. are the
e-heavy lines which intersect [n]?, and for each p € [n]? we put an edge {L € V(H.) : p € L}. Then, let M
be the union of k disjoint copies of H.. We identify the edge set of ") with the Cartesian product [n]? x [k].
Definition 3.4. Define the {0, 1}-valued test functions wsjse, Wrep, and wiight on E(’Hgk)) as follows:

® Wiz is 1-uniform, and wsize({(p,7)}) = 1 for every (p,i) € [n]? x [k];

® Wyep is 2-uniform, and wyep({(P1,71), (P2,i2)}) = 1 if and only if p; = pa;

® Wig is 4-uniform, and wigns({(p1,71), (P2, 92), (P3,73), (P4,94)}) = 1 if and only if pi,p2, p3, ps are
distinct and lie on the same e-light line.

Note that all these test functions are clean.

Lemma 3.5. The test functions Wsize, Wrep, and wighy defined above satisfy the following properties:
o Wyize([n)? x [k]) = kn? and By, (wsize) = n;
o wiep([n]? x [k]) = (S)HQ and By, (wyep) = n?;

[ ] whght([n]2 X [/CD = Ok(sn5) and Bn(whght) = Ok(n4)
Proof. The first two items are immediate from the definitions of wgi,e and wyep. For the third item, note that

n)? . . .
wrigne ([n]? x [k]) = k* - H{po,pl,pg,pg} € <[4] ) : po, P1, P2, p3 lie on the same e-light hne}’.
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Summing the bound given by Lemma 3.2 over all py € [n]?, we conclude that wign([n]? x [k]) = Ok(en®).

Similarly, again by Lemma 3.2,

Al(wnght) = k3 - max

2
nax {{pl,pz,pg} € (M ; {p}) : p, p1, P2, p3 lie on the same e-light hne}‘ = Op(en®).
pEn

Finally, since two points determine a line, for 2 < j < 4 we have Aj(wiight) < (kn)?J. Therefore, B, (wiight)

max A (wiight )0’ = Ok (n?). O
JjeM]

Proof of Proposition 3.1. Set € := cn for a sufficiently small ¢ = ¢(k) > 0. Throughout the proof, we
assume that n is sufficiently large in terms of k£ and .

We would like to apply Lemma 2.2 to the hypergraph ’Hék) from Definition 3.3 with A = n and r = |D,| =
O(1/€?) and § = 0.1 and L = 4, and test functions Wsize, Wrep, and wiignt from Definition 3.4 (in fact, here
we do not need the spreadness guarantee; we only use the existence of a matching satisfying (1)). To check

the required hypotheses, we first note that A( ék)) = n and, since a pair of lines share at most one point,
Ay ék)) =1<n'%. Since v = 6/(100L%r?) = Oy, (1), we have | E( é’“))| =kn? < exp(n”z), and the number
of test functions is 3 < exp(n'yz). So, Lemma 2.2 gives us a matching M in Hék) such that
|IM| = wgize(M) = (1 £ n7)kn + 2n°, Wrep(M) = O (n?), Wiight (M) = Og(en).
Viewing M as a subset of [n]? x [k], let Sxq be its projection onto [n]2. Then,
ISpm| = |IM| = Wrep(M) = kn — O (n*~7).
Since M is a matching in ’H,gk), Sa contains at most k points on each e-heavy line. Let Sge1 € Spaq be the set
obtained by including one point from each quadruple of points in Sx that lie on the same e-light line. Then,
|Sdet] < wiignt (M) = Og(en), and hence
1S\ Sqet] = kn — Op(n'™7) — Or(en) > (1 — n)kn.

Since S \ Sgel contains at most 3 < k points on each e-light line by construction, this completes the proof. [

4. COMPLETION PROCEDURE

In this section, our goal is to prove Theorem 1.1. Since for n > k > 1037 the desired result is just [16, Theorem
1.1], we focus on the case when k is fixed and n is sufficiently large in terms of k. The dependence of n on k
will be moderated via the intermediate parameters p, o, e € (0,1) used throughout this section that satisfy

1k>p>a>e>1/n, (2)
where a > b means that we take b to be sufficiently small in terms of a.

We briefly explain the role of each intermediate parameter. The role of ¢ is essentially the same as in Section 3:
it is a threshold that separates the heavy directions that correspond to the parts of Hék) from the light directions
that are handled via a deletion argument. The parameter « is a similar “heaviness threshold”, which will be
used for the completion procedure after the deletion argument (for technical reasons we need a to be much
larger than ¢). Finally, p controls the randomness of the completion procedure: we will show that, with high
probability, at each step we have at least pn available absorbers to choose from.

We say that a direction d € D is non-trivial if d ¢ {(1,0), (0,1)}; similarly, a line is non-trivial if it is neither
vertical nor horizontal. Let DL := D, \ {(1,0),(0,1)} be the set of non-trivial e-heavy directions. Also, we
say that a direction d (or a line with such direction) is #rrelevant if ||d|l > n/3. Note that an irrelevant line
contains at most 3 points of the grid [n]?, and thus is indeed not relevant for our problem.

Definition 4.1. A point (x,y) € S C [n]? is called an absorber in S for a point (c,7) € [n]? if
Al (z,7) ¢ 5, (¢,y) ¢ S;
A2 (z,y) # (c,r), and the line through (z,7) and (¢, y) is irrelevant;



A3 every non-trivial line through (z,r) or (¢,y) contains at most k — 1 points of S.
Let Ag(p) denote the set of absorbers in S for p.

To illustrate the usefulness of absorbers, consider a set S C [n]? with at most k points on each line and a point
(¢,r) such that its row and column contain at most k — 1 points of S. If (x,y) € S is an absorber for (c,r),
then the set S’ := (S\ {(z,v)}) U{(z,7), (¢, y)} also contains at most k points on each line, and has size |S|+ 1.

For future use, we record the observation that a positive fraction of the grid points satisfy condition A2. For
a point (c,r) € [n]?, define

I(c,r) := {(z,9) € [n)*\ {(c,7)} : the line through (z,7) and (c,y) is irrelevant}.

Lemma 4.2. |I(c,7)| = 0.05n2 for each (c,r) € [n]?.

Proof. By reflecting the grid if necessary, we may assume that ¢ < n/2 and r < n/2. By definition, if
max(|z —c|,|ly—r|) > n/3 and ged(x —c,y—1r) =1,

then the line through (z,r) and (¢, y) is irrelevant. Hence, for every integer vector (a,b) € [0,n/2] x [n/3,n/2)
with ged(a, b) = 1, the point (¢+a, r+b) belongs to I(c,r). A classical result (likely dating back to Minkowski,
see e.g. [3]) states that for a convex polygon @, the number of integer points with coprime coordinates inside
mQ is equal to = - area(Q) - m? + o(m?) as m — co. Applying this result to the rectangle [0,1/2] x [n/3,n/2],
we conclude that
[I(c,r)| > E-Tﬁ—i—o(n?) > 0.05n> O
) = 7T2 12 . .

As in Section 3, our construction involves a pseudorandom matching in the hypergraph ’Hgk) from Definition 3.3.
To show that the resulting configuration can be completed to a no-(k + 1)-in-line set of size kn, we need to
ensure that at each step of the completion procedure we have enough available absorbers. In turn, to find these
absorbers we need finer control over the pseudorandomness of our matching, which is achieved via additional
test functions for heavy lines and via spreadness for light lines.

4.1. New test functions. For a point p € [n]? and a direction d € D, let Lq(p) denote the intersection of
[n])? with the line through p in direction d, and let L} (p) := La(p) \ {p}-
Definition 4.3. Fix a point (¢,7) € [n]2. For a point (z,y) € [n]?, we say that a point p’ € [n]? is e-

common between (z,7) and (c,y) if it belongs to L} (z,7) N LY, (c,y) for some non-trivial e-heavy directions
d;,ds € D.. Let wsh) be the 2-uniform test function on E(Hgk)) = [n]? x [k] defined as follows. For a pair of
edges E C [n)? x [k], let wisn) (E) be the number of choices of (z,y) € I(c,r) and p’ € [n]? and ¢’ € [k], such
that p’ is e-common between (z,r) and (c,y), and such that E = {((z,y),1), (¢',#)}. (Note that w'Sy takes
values in {0, 1,2}.)

Lemma 4.4. For every point (c,r) € [n]?, we have

wicn ([0 % [K]) = Ok (n®),  Bu(wley)) = Ope(n?).
Proof. For each (x,y) € I(c,r) the line through (x,r) and (c¢,y) is irrelevant and thus surely not e-heavy.
Hence, since two different lines meet in at most one point and D. C {(a,b) € Z? : |al, |b] < 1/}, the number
of e-common points between (z,7) and (c,y) is at most [D.|> = O(1/e*). Similarly, for each point p’ € [n]?,
e-heavy lines through p’ intersect the column and row of (¢,r) in at most |D.| points, which leaves at most
|DL|? = O(1/&*) options for the point (z,y) such that p’ is e-common between (z,7) and (c,y). This implies
that Al(wgg};)) = Oy «(1). Also recall that Ag(wéé’nﬁ)) < 2, 80

wlen) (n]? x [K]) < 02k (w53) = Ope(n),

com com

B, (wl&n)) = max(Aq (w S )n, Ag(w'S))n?) = Oy . (n?). O

com com om )
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The next test function encodes the “obstructions” that preclude a point (z,y) from being an absorber for (¢, ).

Definition 4.5. For sets of non-trivial e-heavy directions Dy, Dy C D% and a point (c,r) € [n]?, let wgﬂj? be
the (k(|D1]+|D2|)+ 1)-uniform test function on E( 2’“)) = [n]? x [k] defined as follows. For a set E C [n]? x [k]
of size k(|D1| + |D2|) + 1, let wgﬂ:,z(E) be the number of choices of (z,y) € I(c,7) and of pq, ; € [n]* and
Pds,.i € [n]? for all d; € Dy and ds € D2 and i € [k], such that

P1 pq,; € L, (z,r) for each d; € Dy and i € [k], and paq,; € L], (c,y) for each dy € Dy and i € [k],
P2 the points pq, ; and pq, ; are pairwise distinct and not e-common between (x,r) and (c,y),

and such that
E={((z,y), 1)} U{(pa, i»1)}a,eD,,icik] Y {(Pas,i: ) }are Dy ich]-

To motivate this definition, for a matching M in H and a point (e,7) € [n)?

> ()PPl (M), 3)

D1,D2CDY

, consider the expression

By inclusion-exclusion, it counts (up to lower-order terms) the number of points (z,y) € I(c,r) such that
((z,y),1) € M and the projection of M C [n]? x [k] onto [n]? contains at most k — 1 points on each non-trivial
e-heavy line through (x,r) or (¢,y). To estimate the expression (3), we will combine Lemma 2.2 with the
following statement.

Lemma 4.6. For every pair of sets Dy, Dy C D. and a point (c,r) € [n]?, we have
a2 x k)= S T Za e T 1L e n)* + O o (nkIPHP=D ).

(z,y)€l(c,r) d1E€Dy da€D2
Bu(i§5)"p,) < Ba(wis)'p,) = Ope(n1P110:0+1),

~(er) L (er) : (e,r)
where Wy p, = l{E : E is a matching in H®} ~ WDy, Dy 15 the cleaning of wp' p,-

Proof. For brevity, denote K := k(|D1| + |D2|) + 1 = Ok (1). First, we check that for every j € [K| we have
AV (wgﬂb) = Ok, (nf=7), which would imply the desired bound on B, (wglr}b) Consider a set J C [n]? x [K]
of size j € [K]. We need to bound the number of sequences

E = (((IIZ, y)7 1)7 ((pd1,ia i))dleDl,iE[k]a ((pdmi? i))dzEDQ,iE[k]) (4)

of elements of [n]? x [k] satisfying P1 and P2 from Definition 4.5 whose underlying set E contains J. Fix one
of the O (1) ways to assign distinct “positions” in this sequence to the elements of J. If some element of .J
plays the role of ((z,y),1), then by P1 the number of ways to fill each of the K — j unoccupied positions is
at most n, which gives a total of at most n =7 such sequences E. Otherwise, consider an arbitrary (p,i) € J
which plays the role of (pa, ;,%) for some dy € Dy or (pd,,i, ) for some dg € Ds. In the first case (z,y) must
share a column with the intersection point of Lg, (p) and the row of (¢,r), and in the second case (z,y) must
share a row with the intersection point of Lq,(p) and the column of (¢, r). Either way, this leaves at most n
options for (x,%), and hence at most n - n~7=1 = nK=J options for the sequence E.

Next, we prove the asymptotic formula for w(g;%rz([n]Q x [k]), which is again just the number of sequences E

as in (4) that satisfy P1 and P2. Fix a point (z,y) € I(c,r), and note that there are at most [D.|? = O(1/¢%)
e-common points between (z,7) and (¢, y) (because the line through (z,7) and (¢, y) is not e-heavy). Picking
the points (pd, i)d,en, ick] ad (Pd,,i)d.eDs,ic[x) one by one, we have |Lj (x,7)| — Ok (1) choices for each
pa, i and |Ly (¢,y)| — O (1) choices for each pq,; (because P2 requires these points to be distinct and not
e-common between (z,r) and (¢, y)). As a consequence,

k

w2 x k)= S JT (Lo @) =0k TT (1La, ()l Ore1)".

(z,y)€l(c,r) d1€Dy dx€eD2

()
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It remains to take into account the cleaning. We will show that the number of sequences E such that W(E) #
w(E) is Ok (nf). Together with (5), this would yield the desired asymptotic formula for ﬁ)(gﬂh([n]Q x [k]).
By the definition of cleaning, the underlying set E of each such sequence contains two elements (p},i) and
(ph, 1) such that the points p| and p) lie on the same e-heavy line in some direction dy.

Consider the case when neither of pj and p) plays the role of (z,y) in E. In this case, p; € LY (p1) and

1
py € Lj,(p2) for some non-trivial e-heavy directions di, da and points pi,pa € {(,7),(c,y)} such that

(d1,p1) # (da,p2). Since p} and p) are not e-common between (z,7) and (¢,y) by P2, this implies that
do # d; and do # d2. Thus, fixing one of Oy (n®) choices of (z,y), do, d1, da2, p1, p2, and p} € L3, (p1)

determines p,. Each of the K — 3 remaining positions in E can be filled in at most n ways, and hence the
number of such sequences E is Oy o (n?) - n'<=3 = Oy, . (n).

Similarly, consider the case when (say) pi = (z,y) and p5 € Lj(p) for some non-trivial e-heavy direction d and
a point p € {(z,7),(c,y)}. Then, clearly, dy # d, and thus fixing one of O .(n?) choices of p; = (z,y), do, d,
and p determines pj. Again, each of the K — 2 remaining positions in E can be filled in at most n ways, and
hence the number of such sequences E is Ok.c(n?) - n=2 = O (n). O

4.2. Initial configuration. In this subsection we construct a no-(k + 1)-in-line set Siis C [1]? of size close to
kn that satisfies the pseudorandomness properties required for the completion procedure. It is convenient to
introduce the following analogue of Definition 4.1, in which condition A3 is restricted to e-heavy lines.

Definition 4.7. For a set S C [n]? and a point (¢, r) € [n]?, we say that a point (z,y) € S is an e-absorber in
S for (e,r) if (x,r) ¢ S, (c,y) ¢ S, (x,y) € I(c,r), and every non-trivial e-heavy line through (z,7) or (c,y)
contains at most & — 1 points of S. Let Ag(p) denote the set of e-absorbers in S for p.

Lemma 4.8. There exists v = y(k,e) > 0 and a (2k/n,n")-spread random set Sin;, C [n]? that always satisfies
the following properties:

(a) |Sinit| = kn — O (en);
(b) St contains at most k points on each line;

(c) for each p € [n]?, we have |As,,,, (p)| = 2pn.

Proof. We can apply Lemma 2.2 to Hgk) with

A=n, r=|D|=0(1/?, §=01, L =2k|DL|+ 1= 0(k/e?),
and test functions wsise, Wrep, Wiight, (w(ﬂgﬁ))(me[n}z, and (wgﬁb)(c,r)e[n]?,m,DggD; from Definitions 3.4, 4.3
and 4.5. Indeed, we have A(’Hgk)) = n and Ag(’Hgk)) =1 < n"% and |E(H£k))| = kn? < exp(n?’) for
v = §/(100L?r?), and the total number of test functions is 3 + n? + n2201/¢%) < exp(rﬂ?). So, recalling the

bounds from Lemmas 3.5, 4.4 and 4.6, Lemma 2.2 gives us a (2/n,n?)-spread random matching M in Hé’“)
such that

IM| = wgize(M) = (1 £ 077 )kn & 2n°, Wrep (M) = Op(n?), Wiight (M) = Og(en),
and for every (c,7) € [n]? and Dy, Dy C DL,

wlsn) (M) = 057 (M) = Op2(nd), (6)
c,r ~(c,r 1 * * _
wi M) =g p, (M) =~ 37 [T (L@ nlm® T (Za(ew)l/m* +O0pe(n'™). (1)
(x,y)e](c,r) deD; d2€D>

Let Sy be the projection of M C [n]? x [k] onto [n]?. Note that |Sa| = |M| — wyep(M) = kn — Ok (nt=7),
and, since M is a matching in Hgk), Sy contains at most k points on each e-heavy line. Furthermore, since M
is (2/n,n")-spread, Spq is (2k/n,n?)-spread. Let Sqe be obtained by including one point from each quadruple
of points in Saq that lie on the same e-light line, and note that |Sgei| < wiight(M) = Og(en). Therefore,
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Sinit = St \ Sael € Sam is (2k/n,n")-spread and satisfies the desired conditions (a) and (b). It remains to
check that it satisfies condition (c) as well.

For a point (¢, r) € [n]?, define A’ (c,r) as the set of (x,y) € I(c,r) such that ((z,y),1) € M and such that
M does not contain a set “obstructing” a non-trivial e-heavy direction d for a point p € {(z,r), (¢,y)}: i.e., a
set of the form {(pj,)}icpx) for distinct points pj,...,p; € Lj(p) that are not e-common between (z,7) and

(c,y). By Definition 4.5, w%jgz (M) counts the number of (z,y) € I(c,r) such that ((z,y),1) € M and such
that M contains the sets obstructing all the directions in Dy for (z,7) and all the directions in Dy for (c,y).
Hence, by inclusion-exclusion, we have

Aler)l = 30 ()PP, (M),

1,72
D1, D,CD!

Combining this with (7), we obtain that
1

[ Al ) = > II a—dzatnim® TT = (Laley)l/m)*) + Ore(n'=). (8)

(z,y)el(c,r)deDy; deD;

n
To prove a lower bound on this expression, we define
F:={(z,y) € [n)*: |z —y| = 0.001n, |z +y — (n+1)| > 0.001n}.

Note that for each p € F' and non-trivial direction d, we have |L](p)| < 0.999n: indeed, this is true for d €
{(1,1), (1, —1)} by the definition of F, and any other non-trivial direction d satisfies | L} (p)| < n/||d||c < n/2.
Since 1 — z > exp(—10z) for x € [0,0.999], this implies that 1 — (|[L}(p)|/n)* = exp(—10(|L;(p)|/n)*). Define

IF(C7T) = {(;zz,y) € I(C,T‘) : (JC,’/') €F, (va) € F}

Since [n]? \ F' contains at most 0.004n points in each column or row, Lemma 4.2 implies that |Ir(c,7)| >
|I(c,r)| — 0.008n% > 0.01n2. Therefore, we can lower bound the right-hand side of (8) as follows:

[ Ale,r)] =

Yo e 10 Y ((ILalz,r)l/m)" + (Laley)l/m)*) | + Oxe(n' ™)

(z,y)€Ir(c,r) deD;

S|

1 4
> 0.01n-exp| —20 Z Tale + Oe(n*=7) > 0.01n - exp <20 Z T:;) + Opc(n'=7) = Q(n),

deD; m=1

where in the last inequality we used that k£ > 3 and that for each m € N there are at most 4m directions d
with [|d||cc = m.

Suppose that (z,y) € A’ (c,r) but (x,y) is not an e-absorber in Siyi¢ for (¢,r). Then one of the following must
hold:

® (2,y) € Sdel;
o (z,7) € Sm or (¢,y) € Sn;
e some point p’ € Spq is e-common between (z,r) and (¢, y).

The number of points satisfying the first item is at most |Sqel| = Ok (en). Since Spq contains at most &k points
in each column or row, the number of points satisfying the second item is at most 2k. By (6), the number of
points satisfying the third item is Oy, c(n?). Therefore, by our choice of p and ¢ from (2),

|As,,..c(c,m)] = | Ay (c,7)] — Orlen) — 2k — Ok . (n°) = 2pn. O

init,€
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4.3. Randomised completion procedure. In this subsection, we describe a randomised procedure that
completes the (random) initial configuration Sini; given by Lemma 4.8 into a no-(k + 1)-in-line set of size kn
with high probability.

Definition 4.9 (Completion procedure). Let T := kn—|Sinit|, and note that T = Oy (en) by Lemma 4.8(a). Let
(c1,...,cr) and (r1,...,7r7) be the sequences of indices of “unsaturated” columns and rows (in arbitrary order),
where the number of times each column/row index appears equals (k —#{points of Sipit in that column/row}).
Consider the following randomised algorithm:

Algorithm 1

1: SO — Sinit

2: fort=1to T do

3: if Astil(Ct,Tt) = @ then

4: Abort

5 Pick (x¢,y:) € Asg,_, (ct,7¢) uniformly at random
6: St (St—l \ {(ast,yt)}) U {(@t,7¢), (ct,9e)}
7

return St

Note that each successful step of this algorithm increases the number of points of the current set in the
target column ¢; and row 7; by one, while keeping the number of its points in every other row and column
unchanged. Thus, by the choice of (¢1,...,¢r) and (rq,...,7r7) and the definition of absorbers (Definition 4.1),
each step preserves the no-(k + 1)-in-line property of the current set and increases its size by one. In the next
subsection, we will prove the following proposition stating that, with high probability (taking into account both
the randomness of Si; and the random choices made by the algorithm), this algorithm does not abort.

Proposition 4.10. With probability at least 1 — exp(fnﬂkvs(l)), Algorithm 1 does not abort, and, furthermore,
for every t € [T] and (c,7) € [n]? we have

[ As, . (¢;7)[ = pn.

If this event occurs, then the final set S has size kn and contains at most k points on each line. Recalling the
discussion at the beginning of this section, we conclude that Proposition 4.10 implies Theorem 1.1.

4.4. Analysing the completion procedure via spreadness. To prove Proposition 4.10, we will bound the
number of points (x,y) which are e-absorbers in Siyit (for some point (¢,r)), but are not e-absorbers at some
later step of the completion procedure. The main reason why this can happen is that (z,y) may violate A3 in
Definition 4.1: there may be a line through (z,r) or (¢, y) containing at least k points. It is easy to bound the
impact of the a-heavy lines: since £ < «, an a-heavy line through (z,r) or (¢,y) can only contain k points if
some point was added to this line in the completion phase itself, and this can happen for at most Oy ((g/a?)n)
different e-absorbers. Handling the a-light lines is more difficult, and this is where we will use the spreadness
of Sinit (via Lemma 4.12).

Definition 4.11. For a column or row L of the grid [n]?, let 77, be the set of triples of points in [n]? \ L that
lie on the same a-light line intersecting L; that is,

T = {{pl,anPB} € <[n]23\L

For a set S C [n]?, let TL(S):={T €Ty :T C S}.

) : p1,p2,p3 € Li(p) for some a-light direction d and a point p € L}.

Lemma 4.12. Let L be a column or row of the grid, and let S C [n]? be a (c¢/n,3m)-spread random set for
some ¢ = 1 and a positive integer m < (an)/3. Then, with probability at least 1 — exp(—m),

|T.(S)| = O(c*an).
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Lemma 3.2 implies that for each point p € [n]? there are O(an?) triples of points {p1,p2,p3} C [n]?\ {p} that
lie on the same a-light line passing through p. Here we also need a similar bound for pairs instead of triples.

Lemma 4.13. For every point p € [n]?, there are O(n?logn) pairs of points {p1,p2} C [n]>\ {p} that lie on

the same line passing through p.

Proof. For each m € N, there are at most 4m directions d € D with ||d|lcc = m. For each direction d € D,
we have |L}(p)| < n/||d| s, and hence there are at most (n/|/d|«)? choices for the pair {p1,p2} on this line.
Taking the sum over all directions d € D, we conclude that the total number of such pairs is at most

n? >y

deD

1 5 = 4m )
EIE <n Z = O(n*logn). O
o0 m=1

Proof of Lemma 4.12. Write q := ¢/n. For a set of points P C [n]?, let

W(P) := Z g T\Fl.

TeTL

Then, by (g, 3m)-spreadness of S,
EITL(9)™M < Y PU...UT,CS< > ULt

This expression can be bounded inductively as

Z g Ut Tl < Z <q|uz';11n| Z q|Tm\U?;11T7:|>
1€TL

T1,..., Tm€TL Ty,..., Ty — Tm€TL
m
m—1
< | max W(P)) - Z gVU= Tl < [ max W(P)) .
|P|<3m |P|<3m
Ty, Tm—1€TL

Therefore, E[|7L(S5)|™] < <|1£?<a?),( W(P)) . To estimate W (P), we note that

W(P) < ¢*Wy + ¢*|P|W1 + q|P*Wa + |P|*W3,  where W, = mex {T eTL: X CT}| (9)
=J

Summing the bound given by Lemma 3.2 over all points p € L, we obtain that Wy = O(an?*). Lemma 4.13
implies that W1 = O(n?logn). Since a pair of points determines a line, we have Wy < n. Finally, we trivially
have W3 < 1. Recalling that ¢ > 1 and m < (an)'/3, we substitute these bounds into (9) and obtain that for
every set P C [n]? of size at most 3m,

W(P) = O(cgom + Pmlogn + em? + m3) = 0(lan).
Therefore, E[|7.(5)|™] < (C - cgan)m for some absolute constant C, and by Markov’s inequality,

E[lT2(5)™]

s < ZHIEAEJL T
BT(S)] > 5C - clan) < Gt

< exp(—m). O
Definition 4.14 (Stopping time). Recall the setup in Definition 4.9. Define 7 as the minimal ¢ € [T] such
that |As,_, (¢,7)| < pn for some (c,r) € [n]? (i.e., the event in Proposition 4.10 does not occur), or 7 =T + 1
if no such ¢ exists. Let Scomp be the set of points added by Algorithm 1 up to step 7:

Scomp = U{(xtvrt)a (Ctvyt)}'

t<t

In these terms, we need to show that 7 = T 4 1 with high probability. One could attempt to approach this by
applying Lemma 4.12 to the set Sinit U Scomp 2 Sr—1. Unfortunately, since Scomp is constructed by adding two
points at a time, it does not satisfy the required spreadness condition. To avoid this issue, we instead work
with the set Spair obtained by including a uniformly random one of the two points at each step.
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Definition 4.15. For each 1 <t < 7, let phaie(t) be either (z, r¢) or (¢, y¢) with probability 1/2, independently
of each other and of all other random choices in our procedure. Then, let Shair := {praie(t) : 1 <t < 7}.

Lemma 4.16. If we condition on any outcome of Sinit, then the conditional distribution of Snair is (4k?/(pn),n?)-
spread.

Proof. All probabilities in this proof are assumed to be conditional on an arbitrary fixed outcome of Sjpjs.
Consider a set of points P = {p1,...,pn} C [n]?. If P C Spai, then there are distinct steps t1,...,ty < T
such that p; = phaie(t;) for each i € [N]. Denote this event by E(t1,...,tn). If it occurs, then for each i € [N]
we have p; = (z4,,7¢,) or p; = (¢4, ¥t,), and hence p; shares a column or a row both with the point (ct,,7+,)
and the absorber (x¢,,v:,) in Sy, —1 for (e, 7).

By the definition of 7, the condition ¢; < 7 implies that at step t; we have at least pn absorbers to choose from.
Since S;,—1 contains at most k points in each column or row, at most 2k of them share a column or row with
pi. Therefore,

St,—1 Ctzvrt )

PlE(ty,.. .t lH A Le<r ] < (2k/(pn)N. (10)

On the other hand, the sequences (c1, ..., cr) and (71, ..., 77) each contain at most k copies of each column/row
index, and hence for each i € [N] there are at most 2k values of ¢; such that £(t1,...,tn) can possibly
occur. So, taking the sum of (10) over at most (2k)" possible sequences of times t1,...,ty, we conclude that

P[P C Shalf] (4k%/(pn))N, as desired. O

Lemma 4.17. Let L be a column or row of the grid. With probability at least 1 — exp(—n‘*<(1), we have
|71(Sinit U SCOmp)' = Ok ((a/pg)n)'

Proof. By Lemma 4.8, Siyit is (2k/n, n")-spread for some v = v(k, ) > 0. By Lemma 4.16, Syt is (4k2/(pn), n?)-
spread, even after conditioning on an arbitrary outcome of Si,i. Hence, by Fact 2.3, Sinit UShair is (8k%/(pn), n?)-
spread. Applying Lemma 4.12 with m = n"?/3 to a column or row L, we conclude that with probability at
least 1 — exp(—n?/3)

T (Sinit U Shaie)| < (Ca/p*)n (11)
for some C = C(k).

It remains to “transfer” this bound to Sinit U Scomp- Fix a certain outcome of Sinit and Scomp, and consider a
triple of points {p1,p2,ps} € Tr(Sinit U Scomp). Then, the line containing pq, p2, ps also contains some point of
L, and thus is not irrelevant. Hence, by A2 (from Definition 4.1), it contains at most one point from each pair of
the form {(x¢,7¢), (¢, ye)} for t < 7. So, conditionally on this outcome of Siyir and Scomp as well as the choices
of absorbers made during the completion procedure, each of the points pi,ps,p3 is included in Sinis U Shait
with probability at least 1/2 independently of each other. Taking the sum over all triples (and averaging
over the choices of absorbers), we obtain that E[|71(Sinit U Shait)| | Sinit » Scomp] > | T2 (Sinit U Scomp)|/8, and
consequently,

1
P[‘E( init U Shalf)| |7_L( init U Scomp | ‘ Slnlt) Scomp} = TG
Denoting the event that |77, (Sinit U Scomp)| (160a/p )n by &, we have
]P[|7-L( init U Shalf)l > (COC/P |:1 |7—L init U Shalf)| ‘7—L( init U Scomp | ‘ Sll’llt) Comp:|:|

Together with (11) this yields that IF’[S] < 16exp(—n?/3), and thus |7'L(Sinit U Seomp)| < (16Ca/p)n with
probability at least 1 — 16 exp(—n"/3), as desired. O

Proof of Proposition 4.10. By Lemma 4.17 (and the union bound over 2n columns and rows), with proba-
bility at least 1 —exp(—n‘*<(1)) every column or row L of the grid satisfies |77 (Sinit U Scomp)| = Ok ((a/p®)n).
So, it suffices to show that if this event occurs, then 7 =T + 1.
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Suppose that 7 =t < T, and thus S;—1 C Sinit U Scomp- Fix an arbitrary point (¢,r) € [n]2, and recall that
|As,i c(c,7)|] = 2pn by Lemma 4.8(c). If a “candidate” e-absorber (z,y) in Sinis for (¢,r) is not an actual
absorber in S;_; for (¢, r), then one of the following must hold:

e Case 1: (z,y) does not lie in S;_1 O Sinit \ {(z1,91),...,(@t—1,¥:—1)}. Since t < T = Og(en), this
can affect at most Oy (en) candidates (x,y);

e Case 2: either (z,7) or (c,y) is already in S;_;. Since both S;_; and Si,;; contain at most k points
in each column or row, this affects at most 2k? candidates (z,y).

e Case 3: there is a non-trivial line L through either (z,r) or (¢,y) that contains at least k
other points of S;_;.

— Case 3a: L is a-heavy. Since ¢ < a and (z,y) is an e-absorber in Sy for (¢, r), at least one of
these k points was added during the first ¢ — 1 steps of the completion procedure. Since there are
|DL| = O(1/a?) different a-heavy lines through each of Oy (en) such points, the number of possible
lines L is Ox((e/a?)n). Therefore, since Siyi; contains at most k points in each column or row, this
affects Oy ((e/a?)n) candidates (x,y).

— Case 3b: L is a-light. Let Ly and Lo be the column and row of (¢, r), respectively. Since k > 3 and
St—1 C SinitUScomp, the line L must contain a triple of points in 7z, (SinitUScomp) OF T, (Sinit UScomp )-

Hence, the total number of points (¢,y) € Ly and (z,7) € Lo blocked by such lines is at most

|711 (Sinit U Scomp)‘ + |712 (Sinit U Scomp)‘ - Ok((a/l)g)”)
Again, since Sipni; contains at most k points in each column or row, this affects O ((a/p®)n) candidates
(2,9).

Taking the sum over all these cases, we conclude that for each point (¢,7) € [n
| As, , (¢,7)] = 2pn — O(en) — 2k* — Ox((e/a®)n) — Ok((a/p*)n),

which is at least pn by our choice of parameters from (2). However, by the definition of 7, this implies that in
fact 7 > t, contradicting our assumption that 7 = t¢. O

]2

5. HIGHER DIMENSIONS

The proof of Theorem 1.4 is largely similar to the proof of Proposition 3.1 in Section 3. The main difference is
that if one applies Lemma 2.2 to the test function wijgnt defined in an analogous way, then the resulting bound
(1) would not be strong enough (because Ba(w) would be large compared to w(E(H)), at least for some values
of d and s). Instead, we do not work with wiigns as a test function directly, but deduce a sufficient bound from
the spreadness of our matching.

Let D%* be the set of primitive* rank-s lattices I' C Z? such that T' N [~n,n]? contains s linearly independent
vectors. For each € > 0, we say that a lattice I' € D%* is e-heavy if 1/detT" > ¢, and e-light otherwise. Let
Dds .= {T' € D : 1/detT’ > £} be the set of e-heavy lattices. We remark that lattices here play the same
role as directions did in Section 3, and det T is a suitable analogue of ||d||« for this setting®.

By a result of Schmidt [34, Theorem 2], the number of lattices in Z¢ with determinant at most M is Ogq(M?),
which immediately implies that

IDE*| = Oa(1/%). (12)
Note that for each affine subspace V' of dimension s, the intersection V' N[n]¢ is contained in a translate of some
lattice ' € D%*. Indeed, by adding more points if necessary, we can find a set X such that VN [n]? C X C [n]?
and the affine span V'’ of X has dimension s. Then, V/ N Z% is a translate of a primitive rank-s lattice with s
linearly independent vectors in [—n,n]?.

4A lattice I C Z4 is called primitive if spang (') N Z4 =T
5Determinant det T of a rank-s lattice I' equals vdet G, where G = ((vs,v5))1<i,j<s is the Gram matrix of some generating vectors
V1,...,0s Of T'.
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Lemma 5.1. For every lattice I' € D%* and every point p € [n]¢, we have |(p +T') N [n]?| = O4(n*/ detT).

Proof. Let V be the linear span of I'. Note that dim V' = s, and that the s-dimensional volume of [—n,n|? NV
is O4(n®). Since I' N [—n,n]¢ contains s linearly independent vectors, it does not lie in any proper subspace of
V. Thus, a result of Widmer [41, Corollary 2.10] (applied to T" as a lattice in V') implies that

[(p+T) N [0]] < TN [=n,n]%] = Oa(n*/ det(D)). O

Lemma 5.2. The number of sets in [n]? of size d + 2 contained in some translate of an e-light lattice in D%*
is Od(sndJrS(dJrl)).

Proof. Fix alattice I' € D%* and choose one point p; of the set. Then, each of the remaining points ps, . . ., pgt2
must lie in (p; + I') N [n]¢, which has size at most Cn®/detT" for some C = C(d) by Lemma 5.1. Combining
this with (12), we conclude that the total number of such sets is at most

nd Z (Cns/ det F)d+1 _ Cd+1nd+s(d+1) Z Z (1/det F)d+1
reps j=0 rep®s )
1/det'<e 1/ detTe[e27971 e277)
< Cd+1nd+‘9(d+l) Z |D5déijf1‘ . (52—j)d+1 — Od(End+s(d+1)). ]
§j=0

Proof of Theorem 1.4. By [16, Theorem 1.3], there exists K = K(d,n) such that the desired result holds
true whenever k > K. Thus, we focus on the case d + 1 < k < K. In particular, we may assume that n is
sufficiently large in terms of k (in addition to d and 7).

Let ¢ := cn for a sufficiently small constant ¢ = c(d, k) > 0. Consider the following |D%*|-uniform |D%*|-partite
hypergraph H.: the vertices of H. are the translates of e-heavy lattices which intersect [n]¢, and for each

p € [n]? we put an edge {p +T': T € D&*}. Let ’Hgk) be the union of k disjoint copies of H.. We identify the
edge set of H¥) with [n]? x [k]. Note that an affine subspace of dimension sy contains at most n*° points of
[n]?. So, A( §’“)) < n®, and, since an intersection of two primitive rank-s lattices has rank at most s — 1, we
have Ag(’Hék)) < ns L

As before, let wgi,e be the l-uniform test function such that wge(e) = 1 for each e € E(Hgk)), and let

Wrep (E(gék))) — {0,1} be the 2-uniform test function such that wyep({(p1,%1), (p2,42)}) = 1 if and only if
p1 = p2. Clearly,

S k S
Waize(E(HE)) = kn?, By (Waige) = 1°,  wWyep(E(HP)) = <2) n?,  Bps(wyep) = n%.

Applying Lemma 2.2 to H* with A = n® and r = |Dd3| = O4(1/e?) and § = 1/d and L = 2, and test
functions wgize and wyep, we obtain a (2/n®, d + 2)-spread matching M in Hgk) such that

IM| = Weie(M) = (1 +0(1))kn®™*  and  wyep(M) = Oy (nmaxd=28:5/d)y — (=),

Viewing M as a subset of [n]? x [k] and taking the projection onto the first coordinate, we obtain a (2k/n*, d+2)-
spread set S C [n]? of size at least | M| — wyep(M) = (14 0(1))kn?~* that contains at most k points in each
translate of an e-heavy lattice.

Let C be the collection of subsets of [n]? of size d + 2 contained in a translate of some e-light lattice. By
Lemma 5.2, |C| = Og(en®*@+1). Let Syo1 be the subset of Sy obtained by including one point from each set
C € C contained in Spq. Then,

E[|Saal] < D PIC C Sa] < [C] - (2k/n*) "2 = Oy (en™),
cecC
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and hence there exists an outcome of Sy such that [Spq \ Sael] = (1 + 0(1))kn?=% — Oy x(en?=*), which is at
least (1—n)kn?=% by our choice of . Since k > d+1, Spq\ Sgel contains at most k points in each s-dimensional
affine subspace by construction, completing the proof. O

6. NO-FOUR-ON-A-CIRCLE PROBLEM

6.1. Counting tools. As noted in [14], it follows from the work of Huxley and Konyagin [21] that most cyclic

quadrilaterals in [n]? are isosceles trapezia®.

Lemma 6.1 (see [14, Lemma 4.2]). The number of cyclic quadrilaterals in [n]? that are not isosceles trapezia
is at most n*+2:+°W) 45 n — oo,

Recall that D is the set of possible line directions, and D. = {d € D : 1/||d||cc > €} is the set of e-heavy
directions. Also, for a point p € R?, we write Lq(p) for the intersection of the grid [n]? with the line through
p in direction d, and let L(p) = La(p) \ {p}. For each d € D and ¢ € (0, 1), define

Lq:={La(p) : p € [n]*}, L. = |_| Lqy.
deD.
We say that a line is e-heavy (resp. e-light) if its direction is e-heavy (resp. e-light). Similarly, we say that an

isosceles trapezium is e-heavy (resp. e-light) if its parallel sides” are e-heavy (resp. e-light).

Lemma 6.2. For every ¢ > 0, the number of e-light isosceles trapezia in [n]* is O(en®).

Proof. First, we bound the number of isosceles trapezia with parallel sides in a given direction d. Each such
trapezium is determined by the choice of the midpoints p; and ps of its parallel sides (note that they must be
contained in the half-integer grid {(a/2,b/2) : a,b € [2n]} and lie on the same line in direction d*+ = (—b, a)),
and the choice of one of the vertices on each of the two parallel sides vi € Lj(p1), v2 € Lj(p2). Then, we have
at most (2n)? choices for p1, at most 2n/||d||o choices for ps, and at most n/||d|| choices for each of v; and
vy. Therefore, the number of such trapezia is O(n°/||d||2,).

For each m € N, the number of directions d € D with ||d||oc = m is at most 4m. Hence, taking the sum over
all e-light directions, we conclude that the number of e-light isosceles trapezia is bounded by

> o) =0l Y ) <o) 0

deD\D. m=|1/e|+1

For a pair of points py,pa € [1]?, let £1(p1, p2) be the line through the midpoint of the segment p;p, orthogonal
to this segment (we later refer to such lines as bisectors). Note that a set S C [n]? with no four points on a line
contains no isosceles trapezia if and only if for all pairs of distinct points p1,ps € S, the bisectors £ (py, pa)
are different. For a direction d € D and € € (0, 1), define

‘C’é = {eL(plapZ) 1p1,P2 € [n]27 p2 € Lri(pl)}7 ‘C&‘L = |_| Lé
deD.

For a bisector £ € £ and a point p € R, let Ry(p) be the point obtained by reflecting p across .

6.2. Proof of Theorem 1.5. As discussed in the introduction (Remark 1.8), our proof combines two consec-
utive applications of Lemma 2.2 with a deletion argument.

Lemma 6.3 (First stage). Fiz e € (0,1), and let n be sufficiently large in terms of €. Then there exists a
(2/n,4)-spread random subset Sy of [n]? that always satisfies the following properties:

(a) [S1] > (1 —=n~%W)n;
(b) S1 contains at most one point on each e-heavy line;

6For us, an isosceles trapezium is a quadrilateral with a pair of parallel sides that share a common perpendicular bisector.
"Note that if a trapezium is a rectangle then both its pairs of parallel sides are e-heavy or e-light simultaneously.
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(c) for every line L € L. and bisector { € L, we have |{p € S1 : Ri(p) € L}| = O(n°1);

€

€L

€

[{(p1,p2) : p1 € S1\ 1, p2 € S1\ b2, Ry, (p1) = Ry, (p2) }| = O(n%).

(d) for every pair of distinct bisectors €1,0s € L, we have

Proof. Let H, be the following |D.|-uniform |D.|-partite hypergraph: the vertices of H. are the e-heavy lines
intersecting [n]?, and for each p € [n]? we put an edge {L € V(H.) : p € L}. Clearly, A(H.) < n and
Ag(He) < 1.

Let wgi,e be the l-uniform test function on E(H.) such that wge(p) = 1 for each p € E(H.). Clearly,
Wsize(E(He)) = n? and By, (wsize) = n. Also, for a line L € £. and a bisector ¢ € £, let wy 4 : E(H:) — {0,1}
be the l-uniform test function such that wy, ¢(p) = 1 if and only if R,(p) € L. Clearly, wr, ¢(E(H.)) < n and
B, (wr,¢) = n. Furthermore, for each pair of distinct bisectors ¢1,fs € L, let wy, 4, : (E(;‘E)) — {0,1} be the
2-uniform test function such that we, ¢, ({p1,p2}) =1 if and only if

® Ry (p1) = Re,(p2) or Ry, (p2) = R, (p1), and

o the line through p; and ps is e-light (this ensures that wy, ¢, is clean).

Note that, for every p € [n]? and £1, 0y € L, if wy, o,({p,p'}) = 1 then p’ € {Ry, (R, (p)), Re,(Re, (p))}. Hence,
wey 0, (E(He)) < 202 and B, (wy, ¢,) < max(2n,n?) = n?.

Applying Lemma 2.2 to H. with A = n, r = |D.| = O(1/e%), § = 0.1, L = 2, and test functions wsjge,
(wre)rec. eects and (We, 0,)e, p,ect, We obtain a (2/n,4)-spread random matching M in H. that satisfies
Wige(M) = (1 £ n~%W)n, and wr (M) = O(n') for each e-heavy line L and bisector £ € £, and
wyy 0, (M) = O(n®1) for each pair of distinct bisectors ¢1,f> € £ZX. This matching corresponds to a (2/n,4)-
spread random subset S; of [n)2, which satisfies (b) by the definition of H., and satisfies (a) and (c) by the
above estimates on wsize(M) and wy, ((M). Finally, for each pair of points (pi1,p2) counted in property (d),

p1 # p2 and (by property (b)) the line through p; and ps is e-light. Thus, the number of such pairs of points
is at most 2wy, 4, (M) = O(n°1). O

Lemma 6.4 (Second stage). Fix e € (0,1), and let n be sufficiently large in terms of €. Also fix an arbitrary
outcome of Sy given by Lemma 6.5. Then there exists a (2/n,4)-spread random subset Sz of [n]*\ S1 that
always satisfies the following properties:

(a) 18] > (1= =)
(b) Sy contains at most one point on each e-heavy line;
(c) S1U Sy does not contain e-heavy isosceles trapezia.
Proof. Let H. be the 2|D.|-uniform 2|D.|-partite hypergraph with “line parts” (Vq)aep. and “bisector parts”
(Vi )aep, defined as follows:
e for each d € D, let Vg := Lg;
e for each d € D., let Vit := L3 U{va, : p € [n]?} (we refer to va, as a dummy vertez);

e the edges correspond to the points of [n]? \ S;: namely, for each d € D, an edge corresponding to a
point p contains the vertices Lq(p) € Vg and ¢+ (p,pa) € VdJ- where pq is the unique point of S7 on the
line Lq(p) (if such a point pq does not exist then it contains the dummy vertex vq, € V4 instead).

First, we check that A(H.) < n. Indeed, for a vertex L € L4, we have degy, (L) < [LN [n]?| < n. For a vertex
¢ € L, we have degyy, (€) < [{Re(p) : p € S1}| <[51] < n. Each dummy vertex vq, has degree at most one.

To bound the codegrees, consider two distinct vertices vy, ve € V(HL). If one of them is a dummy vertex, then
degyy (v1,v2) < 1. If vy is a line Ly € L4, and vy is a line Ly € Lg, then degy (v1,v2) < |Ly N Ly| < 1. If
vy is a line L € Vg, and vs is a bisector ¢ € Ej‘z, then every edge p containing both v; and vy satisfies p € L
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and Ry(p) € S1. Hence, the number of such edges is O(n%!) by Lemma 6.3(c). Finally, if v; and vy are two
bisectors ¢ € Eé‘l and /o € Eé}, then every edge p containing both v; and v, satisfies p ¢ £1 U s, Ry, (p) € Sh,
and Ry,(p) € S1. Hence, the number of such edges is O(n®!) by Lemma 6.3(d). In summary, we conclude that
Ag(HL) = O(n01).

As before, let wgize be the l-uniform test function on E(H.) such that wgy,e(p) = 1 for each p € E(HL).
Applying Lemma 2.2 to H. with A = n, r = 2|D.| = O(1/¢?), § = 0.1, L = 1, and the test function wgie,
we obtain a (2/n,4)-spread random matching M’ in H’ such that |M'| = wgize(M') = (1 £ n~%W)n. This
matching corresponds to a (2/n,4)-spread random subset Sy of [n]? \ S which satisfies (a) by the above size
estimate, and satisfies (b) and (c) by the definition of H.. O

Proof of Theorem 1.5. Let € := cn for a sufficiently small absolute constant ¢ > 0. Let S; be a random
subset of [n]? given by Lemma 6.3, and let S be a random subset of [n]? \ S; given by Lemma 6.4. Since S;
is (2/n,4)-spread, and Sy is (2/n,4)-spread conditionally on an arbitrary outcome of Sy, by Fact 2.3, S U Sy
is (4/n, 4)-spread.

By Lemma 6.3(a) and Lemma 6.4(a), we have |S; USs| > (2—n~%M)n. By Lemma 6.3(b) and Lemma 6.4(b),
S1U S5 contains at most 2 points on each e-heavy line. By Lemma 6.4(c), S; U Sy contains no e-heavy isosceles
trapezia. Let C be the collection of sets C' C [n]? of size 4 such that C is either contained in an e-light line,
forms an e-light isosceles trapezium, or forms a cyclic quadrilateral that is not an isosceles trapezium. Let
Sdel be the subset of S; U .Ss obtained by including one point from each set C' € C contained in S; U .S;. By
Lemmas 3.2, 6.1 and 6.2, we have |C| = O(en®), and thus

E[[Saal] < Y P[C € S1USy] < [C]- (4/n)* = O(en).
cecC
So, there is an outcome of S7 and So such that |Sge1| = O(en). In this case, the set S := (51U S2) \ Sqel satisfies

11> 2= 0= W)n — Ofen) > (2 - n)n,
by our choice of €, and does not contain four points on a circle or on a line by construction. O

Remark 6.5. The set S = (S1US3)\ Sqel produced by our proof seems to be typically far from saturated, in the
sense that there are still many points that can be added without violating the no-four-on-a-circle constraint. It
is plausible that by tracking a lot of additional information in the first and second stages and using an inclusion-
exclusion argument (similar to the one used in the proof of Lemma 4.8), one could prove rigorous bounds along
these lines, that would allow one to consider a third application of Lemma 2.2. This would provide roughly An
additional points (for some absolute constant A > 0; back-of-the-envelope calculations suggest A ~ 0.19) and
imply that feire(n) = (24+ X —o(1))n.
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APPENDIX A. DEDUCTION OF LEMMA 2.2 FROM [12]

First, we deduce the following version of Lemma 2.2 that requires that w(E(H)) is large compared to Ba(w)
for each test function w.

Lemma A.1. Fiz § € (0,1) and r,L € N with r > 2. Let v := §/(50L*r?), and let A be sufficiently
large in terms of 8,7, L. Let H be an r-uniform hypergraph satisfying A(H) < A and Ay(H) < A% and
e(H) < exp(A”fQ). Suppose that for each £ € [L] we are giwen a set of clean £-uniform test functions W,
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on BE(H) of size at most exp(AY") such that w(E(H)) > Ba(w)A® for all w € W,. Then there exists a
((14+A™7)/A, A")-spread random matching M in H that always satisfies
1+ A™w(E#H))

AL

w(M) =

for each ¢ € [L] and w € W.

Proof. Set

(1+4A729)A

. A20Lr . A1-20(r—1+1/(4L))Lr e
P =AMLY Q= AV ALY g

= (1 +4A727)A™, (13)

As in [12], we consider the following three-step randomised construction.

e Step 1: Consider a random partition V(#H) := Vi U...U Vp obtained by assigning each vertex indepen-
dently to a uniformly random part.

e Step 2: For each i € [P], let H; be a random subgraph of H[V;] obtained by including each edge
independently with probability 1/Q.

e Step 3: Using a theorem of Molloy and Reed [28, Theorem 2], for each i € [P] we partition the edges
of H; into M matchings M, 1,..., M, pr. Choosing j; € [M] uniformly at random for each i € [P], we
obtain the matching M := (J;¢(p) Mi,;, on the entire vertex set.

The argument in [12, Proof of Theorem 1.3] shows that with probability at least 1—exp(—A7/2) this construction
is well-defined (i.e., the hypergraphs H; satisfy the necessary conditions for the application of the Molloy—Reed
theorem), and the resulting matching M satisfies

(1+A™w(E(H))
A¢

for each £ € [L] and w € W,. Denote this event by £. We will show that the distribution of M conditional on
Eis (1+A77)/A, A7)-spread.

w(M) =

Fix a non-empty set £ = {e1,...,eny} C E(H) of size N < A7. We may also assume that E is a matching,
since otherwise the probability of E' C M is zero. Let fg : [N] = [P] be such that e; € E(H[V},]) for each
i € [N]. For each function f : [N] — [P], we bound the probability of the event that F C M and fg = f. For
this event to occur, in step 1 we need to have e; C Vy(;) for each ¢ € [N], which happens with probability p—Nr.
in step 2 we need each edge e; to be included in H;), which happens with probability Q" and in step 3 we
need each edge e; to be included in the chosen matching My ;, Gy which happens with probability at most
M~No where Ny := |f([N])|. Taking the product, we obtain that P[E C M and fg = f] < P~N"Q-NM—No,
and by the union bound over all functions f we have

N
PECM = Y PECMandfe=f]<P QN S |{f: [N = [P:|f(N])] = No}|M—o
f:N]=[P] No=1
N
<PNQTN Y S(N, No)PNoM e,
No=1

where S(N, Ny) is the number of partitions of an N-element set into Ny non-empty parts (also known as Stirling
numbers of the second kind). It is easy to check that S(N, Ny) < N2(N=No) "and thus

N N-1
P[E g M] < P—NT‘Q—N Z N2(N—N0)PN0M—N0 _ (PT'—lQM)—N Z (NQM/P)Nl
No=1 N1=0
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Since PT71QM = (1 +4A~2)A and N2M/P = O(A=13L™) by our choice of parameters (13), we conclude
that
P[E C M| < (1 +4A72) /AN . (1 +0(A~1BLm))

P[EC M| < PE] S 1 — exp(—AY/2)

< (A4 A7) /AN, O

Lemma 2.2 follows from Lemma A.1 by introducing phantom edges to artificially increase w(E(H)).

Proof of Lemma 2.2. Let H* be the hypergraph obtained from H by adding a matching F of s := [2LA'*?]
new r-edges, vertex-disjoint from V(#). Then A(H*) < A and Ay(H*) < Al79, and

e(H")=e(H) +s < exp(A(%)?).
Fix ¢ € [L] and w € W), and set
T, = max{w(E(H)), Ba(w)A’}, Ry =Ty — w(E(H)).
Define the ¢-uniform test function @ on E(H*) by setting

w(Y) if Y C E(H),
w(Y) = Rw/(Z) ifY CF,
0 otherwise.

Clearly, w is clean and w(E(H*)) = T,,. Moreover, for j € [{], the j-degrees coming from F' are at most
(=)
()

Ry < Ry(l/s)Y < RyA™770.

It follows that
Ba () < max{Ba(w), RyA™°} < T,A™?,
and thus W(E(H*)) = Ba()A°.

So, we can apply Lemma A.1 to H* and the families W := {0 :w € Wy} (with 2v in place of 7) to obtain a
((14+ A=7)/A, A7)-spread random matching M* in H* which always satisfies

. N (1£ A T,
BMY) =R
for every ¢ € [L] and w € Wy. Then M := M*NE(H) isa ((1+A~7)/A, A7)-spread random matching in H.
It remains to verify that

(1 £ A w(E(H)) £ 2Ba(w)A°

w(M) = NG

(14)
for every ¢ € [L] and w € Wy. Indeed, if R,, = 0 then

1+ A w(E(H))
Al ’

wM) = B(M) =

which implies (14). Otherwise, T, = Ba(w)A%, and hence

w(E(H)) —A 3BA(w)A5 <0

which also implies (14). O

N

w(M) < D(M*) <
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APPENDIX B. NUMERICAL DATA FOR THE NO-FOUR-ON-A-CIRCLE PROBLEM
Here we present some numerical data for the no-four-on-a-circle problem, obtained using AlphaFEvolve.

Let fir(n) be the maximum size of a subset of [n]? with no four points forming an isosceles trapezium and no
four points on a line. We saw in Lemma 6.1 that for large n almost all cyclic quadrilaterals in [n]? are isosceles
trapezia, so it seems plausible that fir(n) — fec(n) = o(n). Empirically, the convergence rate in Lemma 6.1
seems to be very slow, so fir(n) might be more illuminating than fei..(n) for small n.

Recall from the introduction that Thiele [39, 40] proved the upper bound feirc(n) < [(5n — 3)/2]. Actually, it
is not hard to see that [ (5n — 3)/2] is the maximum size of a subset of [n]? containing no isosceles trapezium
whose parallel sides are horizontal or vertical, so this quantity is also an upper bound on fir(n).

n 12345 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
fere(n) > 1 35 7 9 11 14 15 18 19 21 23 26 27 29 31 33 35 36 38 41 42 44 45 47 49 50 52 54 55
fir(n) > 135 7 10 13 15 17 20 22 24 27 29 32 34 36 38 40 43 45 47 49 51 54 55 58 60 62 64 66
[(5n—3)/2] 1 3 6 8 11 13 16 18 21 23 26 28 31 33 36 38 41 43 46 48 51 53 56 58 61 63 66 68 71 73
80 I I
—— Lower bound for fei..(n)
—— Lower bound for fir(n)
40

20

In an accompanying file with the arXiv version of the paper, we include the actual point sets certifying these
lower bounds. We emphasise that there is no guarantee that these lower bounds are sharp.
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