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Abstract. What is the maximum number of points one can place in an n× n grid such that every Euclidean

line contains at most k points? For k = 2, this is the notorious no-three-in-line problem of Dudeney. In this
paper, we resolve this problem for all other k (and sufficiently large n). Namely, for k ⩾ 3 and sufficiently large

n, we show that this maximum is exactly kn.
To prove this, our key observation is that in the regime k ⩾ 3, the problem is dominated in a certain

statistical sense by the influence of a small number of “heavy” lines with many grid points. We apply a result

of Ehard–Glock–Joos on pseudorandom hypergraph matchings to construct a set of size kn−o(n) with at most
k points on each heavy line, and then a crude deletion argument yields a no-(k + 1)-in-line set of nearly the

same size. Finally, we use a randomised switching procedure to complete the construction (building upon ideas

of Simkin and Luria).
Using similar ideas, we also address the no-four-on-a-circle problem of Erdős and Purdy. Namely, we prove

the existence of a set of 2n− o(n) points in the n× n grid such that no four of these points lie on a circle or a

line, improving on the previous construction of size n− o(n) due to Dong and Xu.

1. Introduction

The no-three-in-line problem, posed by Dudeney in the early 20th century [10], asks for the maximum number
of points that can be placed on an n × n grid such that no three points are collinear. This problem is still
open: the best known upper bound 2n comes from the observation that each of the n horizontal lines can
contain at most two points, while the best known lower bound (1.5− o(1))n is given by the modular hyperbola
construction of Hall, Jackson, Sudbery, and Wild [20] (improving on an earlier algebraic construction of Erdős;
see [32]). For more history and background, we refer to the surveys [6, 13].

There are several different conjectures concerning the asymptotic behaviour of the answer to the no-three-
in-line problem, including suggestions that it could be roughly 1.5n [17], roughly 2n [6], or somewhere in
between [13, 19]. For n ⩽ 60, examples of no-three-in-line sets of size 2n were found by Prellberg [31].

A natural generalisation of this problem, first studied by Brass and Knauer [5] in a more general context, is to
ask for the maximum size of a subset of the n× n grid such that no k + 1 points are collinear. Denoting this
maximum by fk(n), the trivial upper bound is fk(n) ⩽ kn, since each of the n rows (or columns) can have at
most k points. Also, note that this problem is only interesting for n ⩾ k: when n ⩽ k, the whole grid has no
k + 1 collinear points, and thus fk(n) = n2.

Lefmann [27] proved that fk(n) = Ω(kn) for n ⩾ k ⩾ 2. Kovács, Nagy, and Szabó [26] showed that fk(n) = kn
as long as n ⩾ k ⩾ C

√
n logn for some absolute constant C, and Grebennikov and Kwan [16] recently extended

this result to all n ⩾ k ⩾ 1037.

For 3 ⩽ k < 1037, the best known lower bounds are due to Kovács, Nagy, and Szabó [25]: by combining
algebraic constructions with probabilistic ideas, they showed [25, Theorem 1.5] that if n is sufficiently large
then fk(n) ⩾ (k − 2 − (k mod 2))n, and further improved the multiplicative constant for small values of k
(see [25, Theorems 1.6 and 1.7], e.g. they obtain that f3(n) ⩾ 1.973n). In this paper, we prove that in fact
fk(n) = kn for every k ⩾ 3 and sufficiently large n, thus showing that the trivial upper bound is tight.

Theorem 1.1. Let n, k be integers such that k ⩾ 3 and n ⩾ max(n0, k) for some absolute constant n0. Then
there exists a set S ⊆ [n]2 of size kn such that every Euclidean line contains at most k points of S.
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Of course, the assumption k ⩾ 3 means that in this paper we do not say anything new about the no-three-in-
line problem (which corresponds to the case k = 2). In fact, there are some important statistical differences
between the case k = 2 and the case k ⩾ 3 (related to the relative significance of lines in different directions),
which we discuss in Remark 1.7.

Remark 1.2. All previous constructions for small k have been “algebraic”, in the sense that they are based on
algebraic curves in an affine plane (Z/pZ)2 for some prime p ⩽ n (in fact, Green [17] asked whether every “large”
no-three-in-line set reduces to an algebraic curve modulo some prime). In contrast, our proof of Theorem 1.1
is non-algebraic and uses only fairly crude combinatorial properties of lines in [n]2.

Remark 1.3. In this paper we are concerned with Euclidean lines in [n]2 ⊆ R2. One can also ask about
“toroidal” lines in (Z/nZ)2, but this makes the problem substantially different. Indeed, the toroidal analogue
of Theorem 1.1 is simply not true: if n is an odd prime, the “trivial bound for generalised arcs” implies that
every no-(k + 1)-in-line set in (Z/nZ)2 has size at most (k − 1)(n+ 1) + 1. See [2] for a survey of this topic.

1.1. Higher dimensions. A further generalisation of this problem, also introduced by Brass and Knauer [5],
asks for the maximum size of a subset of the d-dimensional grid [n]d that contains at most k points in each affine
subspace of dimension s. Denoting this maximum by fk,d,s(n), the trivial upper bound is fk,d,s(n) ⩽ knd−s.
Again, this problem is only interesting for s+1 ⩽ k ⩽ ns: since any s+1 points lie in a common s-dimensional
affine subspace, for k ⩽ s we have fk,d,s(n) = k, and since the whole grid [n]d has at most ns points in each
s-dimensional affine subspace, for k ⩾ ns we have fk,d,s(n) = nd.

Improving on earlier results of Brass–Knauer [5] and Lefmann [27], it was observed by Sudakov and Tomon [37,
Theorem 1.4] that fk,d,s(n) = Ωd(n

d−s) when k is sufficiently large in terms of d, using a connection to optimal
subspace evasive sets over finite fields. Dvir and Lovett [11] gave an algebraic construction of such objects; an
alternative construction was observed by Conlon following the random algebraic method [7], and by Sudakov
and Tomon [37]. Ghosal, Goenka, and Keevash [14, Theorem 1.1] extended the bound fk,d,s(n) = Ωd(n

d−s) to
all k ⩾ d+ 1. Grebennikov and Kwan [16] proved that fk,d,s(n) = (1 + o(1))knd−s when both n and k tend to
infinity. In the current work, we extend this result to the case when k is arbitrary satisfying d + 1 ⩽ k ⩽ ns

and n tends to infinity.

Theorem 1.4. Let n, d, s, k be integers such that d+ 1 ⩽ k ⩽ ns and 1 ⩽ s ⩽ d− 1. Fix an arbitrary η > 0,
and suppose that n is sufficiently large in terms of d and η. Then there exists a set S ⊆ [n]d of size at least
(1− η)knd−s such that each s-dimensional affine subspace contains at most k points of S.

The assumption k ⩾ d+ 1 in Theorem 1.4 has the same significance as the assumption k ⩾ 3 in Theorem 1.1:
the regime s+ 1 ⩽ k ⩽ d has quite different statistical properties. In fact, it was observed in [27, 38] that for
some values of k, d, s in this regime, fk,d,s(n) is much smaller than nd−s.

1.2. No-four-on-a-circle problem. A similar question, attributed to Erdős and Purdy (see [18, F3]), asks
for the maximum number of points fcirc(n) that can be placed in the n × n grid so that no four points lie
on the same circle or on the same line. Thiele [39, 40] proved that n/4 < fcirc(n) ⩽ 2.5n − 1.5, and Dong
and Xu [9] recently used an algebraic construction to improve the lower bound to n − o(n). Independently,
Ghosal, Goenka, and Keevash [14, Corollary 1.4] showed that fcirc(n) ⩾ 7n/12 for large n via a random deletion
argument. We improve the lower bound further, demonstrating that fcirc(n) ⩾ 2n− o(n).

Theorem 1.5. Fix an arbitrary η > 0, and suppose that n is sufficiently large in terms of η. Then there exists
a set S ⊆ [n]2 of size at least (2− η)n that does not contain four points on a circle or on a line.

We do not believe that this bound is asymptotically sharp: in fact, using our methods (with some additional
work), one should be able to show that fcirc(n) ⩾ (2 + λ)n for some absolute constant λ > 0 and all large n
(see Remark 6.5). However, in the interest of keeping this paper short and simple, we do not pursue this here.

Remark 1.6. To try to learn more about the problem, we ran some experiments with Google DeepMind’s tool
AlphaEvolve [29], which uses an evolutionary search algorithm to produce point sets certifying lower bounds
on fcirc(n). In Appendix B, we present the results of these experiments, which weakly suggest that fcirc(n)/n
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might tend to a limit strictly between 2 and 2.5 as n → ∞. We would like to thank Adam Zsolt Wagner for
providing us with access to AlphaEvolve and personally assisting us in running many experiments.

1.3. Proof ideas. Theorems 1.1, 1.4 and 1.5 are proved using similar methods, related to hypergraph match-
ings and random processes. In this subsection, we focus on the proof of Theorem 1.1, which is by far the most
involved, and discuss aspects specific to Theorems 1.4 and 1.5 where appropriate.

Our proof of Theorem 1.1 consists of two conceptual parts: first, we construct a no-(k + 1)-in-line set of size
kn − o(n) from a pseudorandom matching in a suitable hypergraph, and then we perform a sequence of o(n)
local modifications (switches) to obtain a no-(k+1)-in-line set of size exactly kn. A similar approach was used
by Simkin and Luria [36] (and later in [4, 35]) to obtain a lower bound on the number of sets S ⊆ [n]2 of size
n containing at most one point in each row, column, and diagonal (also known as n-queens configurations).
While there are apparent similarities between the n-queens problem and the no-(k + 1)-in-line problem, the
actual implementation of this strategy in our setting requires several new ideas.

Since for k ⩾ 1037 the desired statement is proved in [16] (via a rather different approach), we focus on the
case when k is a fixed constant. Pick ε > 0 sufficiently small in terms of k, and assume that n is sufficiently
large in terms of k and ε.

Approximate constructions via hypergraph matchings. We begin by constructing a set S0 ⊆ [n]2 of
size kn−Ok(εn) that contains at most k points on each “ε-heavy” line, i.e. on every line with direction vector
(a, b) ∈ Z2 such that |a|, |b| ⩽ 1/ε. Viewing each such line as a vertex and each point of [n]2 as an edge
incident to the lines that contain it, this reduces to finding an almost-perfect matching in (the k-blow-up of)
a certain O(1/ε2)-uniform hypergraph. The existence of such a matching follows from the classical theorem of
Pippenger and Spencer [30] (proved using the celebrated Rödl nibble technique), and a result of Ehard, Glock,
and Joos [12] further ensures that this matching can be taken to be pseudorandom (i.e., behaving similarly to
an independent random subset of the edges of our hypergraph, in a suitable sense).

This pseudorandomness condition allows us to handle the remaining “ε-light” lines via a crude deletion argu-
ment. Namely, it implies that the number of (k + 1)-tuples of points of S0 lying on the same ε-light line is
Ok(εn), and hence deleting one point from each such tuple concludes the proof.

Remark 1.7. The final deletion step crucially relies on the assumption k ⩾ 3: under this assumption, it turns
out that the problem is dominated by the few heaviest line directions. To give some intuition for this, suppose
that S0 is obtained not from a pseudorandom matching but by including each point of [n]2 independently with
probability k/n. Then the expected number of (k + 1)-tuples in S0 lying on the same ε-light line is at most

n2 · (k/n)k+1 ·
∑
a,b

(
n

max(|a|, |b|)
+ 1

)k

,

where the sum is over all possible slopes a/b of ε-light lines. It is not hard to check that this expression is
Ok(n ·

∑n
m=⌊1/ε⌋+1 1/m

k−1). If k ⩾ 3, then the sum here is a tail of a convergent series: heuristically, this

means that ε-light lines contribute very little compared to ε-heavy lines. On the other hand, if k = 2, then this
sum is about logn (independently of ε), and each “dyadic scale” of m contributes to the sum equally.

Remark 1.8. Theorem 1.4 is proved using an argument very similar to the one described above (in general,
we need to consider primitive lattices in place of direction vectors). To prove Theorem 1.5, we first use an
estimate by Huxley and Konyagin [21], which implies that almost all cyclic quadrilaterals in the grid are isosceles
trapezia. Then, we use a two-stage hypergraph matching argument. In the first stage, we use a pseudorandom
matching in a suitable hypergraph to construct a point set S1 of size n− o(n) that contains at most one point
on each ε-heavy line. In the second stage, we construct a point set S2 of size n − o(n) that contains at most
one point on each ε-heavy line and such that S1 ∪ S2 contains no isosceles trapezia with ε-heavy parallel sides
(again from a pseudorandom matching but in a different hypergraph depending on S1). Finally, we delete one
point from each of the remaining forbidden configurations in S1 ∪ S2: isosceles trapezia with ε-light parallel
sides, cyclic quadrilaterals that are not isosceles trapezia, and quadruples of points on the same ε-light line.
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Completion procedure. Let T = Ok(εn) be the “size of the defect”: i.e., knminus the size of the approximate
configuration Sinit produced by the first part of the argument. Let (c1, . . . , cT ) and (r1, . . . , rT ) be the multisets
of indices of columns and rows that remain “unsaturated” (i.e., the number of times a column index appears in
the sequence (c1, . . . , cT ) is k−#{points of Sinit in this column}, and similarly for row indices). Our goal is to
perform T “switches”, as in the work of Simkin and Luria [36], such that the t-th switch increases the number
of selected points in both the column and the row of (ct, rt) by one while keeping the number of selected points
in other rows and columns unchanged.

Specifically, we say a point (x, y) in the current set of selected points St−1 is an absorber for some point (c, r)
if the set St(x, y) := St−1 \ {(x, y)}∪{(x, r), (c, y)} contains at most k points on each line1. Then, at step t, we
pick a uniformly random absorber (x, y) and set St := St(x, y). The key proposition (Proposition 4.10) then
states that, with high probability, at each step t ⩽ T we have Ω(n) absorbers to choose from.

The proof of Proposition 4.10 combines the pseudorandomness of the initial configuration Sinit and the ran-
domness of the completion procedure. To make these two notions compatible, we need to extend the Ehard–
Glock–Joos result slightly, so that it also allows Sinit itself to be a “spread” random set, thus reusing some
randomness of the first part of the proof. Using the pseudorandomness of Sinit, we show that it contains many
absorbers2 for every point (c, r) ∈ [n]2. To bound the number of absorbers for (ct, rt) that are “lost” during the
completion procedure (up to step t), we use moment-based arguments. In turn, the relevant moment estimate
follows from the “spreadness” of Sinit and of an auxiliary random set Shalf that includes a random one of the
two points added at each of the previous switching steps.

Remark 1.9. To establish an exact bound in Theorem 1.4 (analogous to Theorem 1.1) using this approach, one
would need a suitable version of the completion procedure for higher dimensions. Note that a subset of [n]d that
contains exactly k points in each axis-aligned affine subspace of dimension s corresponds to a (multipartite)
(n, d, d−s, k)-design, and one would need to transform a pseudorandom configuration of (1−o(1))knd−s points
into such a design via local modifications. This might be related to the challenging problem of finding designs
inside Erdős–Rényi random hypergraphs of appropriate density (see [8, 22, 23, 24, 33] for partial results in this
direction).

1.4. Organisation of the paper. In Section 2, we state our main technical tool: Lemma 2.2 about pseudo-
random hypergraph matchings (we formally deduce it from [12] in Appendix A). The two parts of the proof
of Theorem 1.1 (the approximate construction and the completion procedure) appear in Sections 3 and 4,
respectively. In Section 5, we prove our higher-dimensional result (Theorem 1.4), and in Section 6 we prove
our bound for the no-four-on-a-circle problem (Theorem 1.5).

Notation. For a positive integer n, we write [n] = {1, . . . , n}. For a set X and a positive integer ℓ, we write(
X
ℓ

)
for the collection of all subsets of X of size ℓ. We write a± b to denote a quantity that differs from a by at

most b. We sometimes omit floor and ceiling symbols and assume large numbers are integers, when divisibility
considerations are not important. For a hypergraph H, we write V (H) and E(H) for its vertex set and edge
set, respectively. Also, we write ∆(H) for its maximum degree and ∆2(H) for its maximum codegree (i.e., the
maximum number of edges containing a fixed pair of vertices). For functions f = f(n) and g = g(n), we write
f = O(g) to mean that there is a constant C such that |f(n)| ⩽ C|g(n)| for sufficiently large n. Similarly,
we write f = Ω(g) to mean that there is a constant c > 0 such that f(n) ⩾ c|g(n)| for sufficiently large n.
Finally, we write f = o(g) to mean that f(n)/g(n)→ 0 as n→∞. Subscripts on asymptotic notation indicate
quantities that should be treated as constants.

Acknowledgements. The authors thank Rob Morris for helpful conversations. The first author is supported
by the Clarendon Fund and Oxford Ryniker Lloyd Graduate Scholarship. The second author is supported by a
joint Clarendon Fund and Exeter College SKP scholarship. The fourth author is supported by ERC Advanced
Grant 883810. The third and the fifth authors are supported by ERC Starting Grant “RANDSTRUCT”
No. 101076777. The sixth author is supported by a Clay Research Fellowship and NSF grant DMS-2543870.

1This is a simplification: in the actual definition of absorbers (Definition 4.1), we require a slightly stronger condition.
2Strictly speaking, at this stage we only work with “absorbers with respect to ε-heavy lines”.
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2. Preliminaries

The classical Rödl nibble technique can be used to prove that a regular hypergraph of degree ∆ with small
codegrees has a matching that covers a 1− o∆→∞(1) fraction of its vertices (see [30]). Further refinements of
this method [1, 12, 15] show that, in addition, one can demand that this matching is pseudorandom, in the
sense that it shares certain statistical properties with the set obtained by including each edge independently
with probability 1/∆. Lemma 2.2 below (essentially due to Ehard, Glock, and Joos [12]) is one such result
that we will use heavily in this paper.

Definition 2.1. For a finite set X and ℓ ∈ N, an ℓ-uniform test function3 on X is a function w :
(
X
ℓ

)
→ R⩾0.

For an arbitrary set X ′ ⊆ X, we write w(X ′) :=
∑

Y ∈(X
′

ℓ )
w(Y ). For j ∈ [ℓ] and N ∈ N, define

∆j(w) := max
|J|=j

∑
Y⊇J,|Y |=ℓ

w(Y ) and BN (w) := max
j∈[ℓ]

∆j(w)N
j .

Also, we say that a random subset S of X is (q, C)-spread if for every set Y ⊆ X of size at most C we have
P[Y ⊆ S] ⩽ q|Y |.

For us, X will always be the edge set E(H) of some hypergraph. We say that an ℓ-uniform test function w on

E(H) is clean if w(E) = 0 whenever E ∈
(
E(H)

ℓ

)
is not a matching. For an arbitrary test function w on E(H),

let w̃ be its cleaning defined by w̃(E) = w(E) if E is a matching and w̃(E) = 0 otherwise.

Lemma 2.2. Fix δ ∈ (0, 1) and r, L ∈ N with r ⩾ 2. Let γ := δ/(100L2r2), and let ∆ be sufficiently large in

terms of δ, r, L. Let H be an r-uniform hypergraph with ∆(H) ⩽ ∆, ∆2(H) ⩽ ∆1−δ, and e(H) ⩽ exp(∆γ2

).
Suppose that for each ℓ ∈ [L] we are given a set of clean ℓ-uniform test functions Wℓ on E(H) of size at most

exp(∆γ2

). Then there exists a ((1 + ∆−γ)/∆,∆γ)-spread random matchingM in H that always satisfies

w(M) =
(1±∆−γ)w(E(H))± 2B∆(w)∆

δ

∆ℓ
(1)

for each ℓ ∈ [L] and w ∈ Wℓ.

This is a slight extension of [12, Theorem 1.3] which follows from the same construction, so we defer the proof
to Appendix A. The main new feature of Lemma 2.2 (which is implicit in [12] but made explicit here) is
the spreadness of the resulting random matchingM. It has the following useful consequence: for an arbitrary
additional ℓ-uniform test function w0 with ℓ ⩽ ∆γ (possibly, such that B∆(w0) is large compared to w0(E(H))),
we have

E[w0(M)] ⩽

(
1 + ∆−γ

∆

)ℓ

w0(E(H)),

and hence by Markov’s inequality w0(M) = O(w0(E(H))/∆ℓ) with probability at least 1/2.

We also record a simple but extremely convenient fact about spread random sets.

Fact 2.3. Let S1, S2 be coupled random subsets of X, such that:

• S1 is (q1, C1)-spread, and

• if we condition on any outcome of S1, then the conditional distribution of S2 is (q2, C2)-spread.

Then S1 ∪ S2 is (q1 + q2,min(C1, C2))-spread.

Proof. Consider a set Y ⊆ X of size at most min(C1, C2). Then,

P[Y ⊆ S1 ∪ S2] ⩽
∑

Y1⊔Y2=Y

E[1Y1⊆S1 · P[Y2 ⊆ S2 | S1]] ⩽
∑

Y1⊔Y2=Y

P[Y1 ⊆ S1] · q|Y2|
2

⩽
∑

Y1⊔Y2=Y

q
|Y1|
1 q

|Y2|
2 = (q1 + q2)

|Y |. □

3We use the terminology of [15]; in [12] these are called ℓ-tuple weight functions.
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3. Approximate construction

In this section we give a short proof of the following approximate version of Theorem 1.1. This constitutes the
first part of the proof of Theorem 1.1, and also serves as an illustration of our approach.

Proposition 3.1. Fix an arbitrary η > 0, and let n, k be integers such that k ⩾ 3 and n is sufficiently large
in terms of k and η. Then there exists a set S ⊆ [n]2 of size at least (1− η)kn such that every Euclidean line
contains at most k points of S.

Let D denote the set of possible directions of lines that intersect [n]2 in at least two points:

D := {(a, b) ∈ Z2 : |a| < n, |b| < n, gcd(a, b) = 1, a > 0 or (a = 0 and b > 0)}.

For ε ∈ (0, 1], we say that a direction d ∈ D is ε-heavy if 1/∥d∥∞ ⩾ ε; otherwise, we say that it is ε-light.
Let Dε ⊆ D denote the set of ε-heavy directions, and note that |Dε| = O(1/ε2). We say that a Euclidean
line is ε-heavy (resp. ε-light) if its direction is ε-heavy (resp. ε-light). To handle the light lines via a deletion
argument, we will use the following counting lemma.

Lemma 3.2. For every ε ∈ (0, 1] and p ∈ [n]2, there are O(εn3) triples of points {p1, p2, p3} ⊆ [n]2 \ {p} such
that p, p1, p2, p3 lie on the same ε-light line.

Proof. For each m ∈ N, there are at most 4m directions d ∈ D with ∥d∥∞ = m. For each ε-light direction d,
the line through p in direction d contains at most n/∥d∥∞ other points of [n]2, and hence there are at most
(n/∥d∥∞)3 choices for the triple {p1, p2, p3} on this line. Taking the sum over all ε-light directions, we conclude
that the total number of such triples is at most

n3
∑

d∈D\Dε

1

∥d∥3∞
⩽ n3

n∑
m=⌊1/ε⌋+1

4m

m3
= O(εn3). □

Definition 3.3. Let Hε be the following |Dε|-uniform |Dε|-partite hypergraph: the vertices of Hε are the

ε-heavy lines which intersect [n]2, and for each p ∈ [n]2 we put an edge {L ∈ V (Hε) : p ∈ L}. Then, let H(k)
ε

be the union of k disjoint copies of Hε. We identify the edge set of H(k)
ε with the Cartesian product [n]2 × [k].

Definition 3.4. Define the {0, 1}-valued test functions wsize, wrep, and wlight on E(H(k)
ε ) as follows:

• wsize is 1-uniform, and wsize({(p, i)}) = 1 for every (p, i) ∈ [n]2 × [k];

• wrep is 2-uniform, and wrep({(p1, i1), (p2, i2)}) = 1 if and only if p1 = p2;

• wlight is 4-uniform, and wlight({(p1, i1), (p2, i2), (p3, i3), (p4, i4)}) = 1 if and only if p1, p2, p3, p4 are
distinct and lie on the same ε-light line.

Note that all these test functions are clean.

Lemma 3.5. The test functions wsize, wrep, and wlight defined above satisfy the following properties:

• wsize([n]
2 × [k]) = kn2 and Bn(wsize) = n;

• wrep([n]
2 × [k]) =

(
k
2

)
n2 and Bn(wrep) = n2;

• wlight([n]
2 × [k]) = Ok(εn

5) and Bn(wlight) = Ok(n
4).

Proof. The first two items are immediate from the definitions of wsize and wrep. For the third item, note that

wlight([n]
2 × [k]) = k4 ·

∣∣∣{{p0, p1, p2, p3} ∈ ([n]2
4

)
: p0, p1, p2, p3 lie on the same ε-light line

}∣∣∣.
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Summing the bound given by Lemma 3.2 over all p0 ∈ [n]2, we conclude that wlight([n]
2 × [k]) = Ok(εn

5).
Similarly, again by Lemma 3.2,

∆1(wlight) = k3 · max
p∈[n]2

∣∣∣{{p1, p2, p3} ∈ ([n]2 \ {p}
3

)
: p, p1, p2, p3 lie on the same ε-light line

}∣∣∣ = Ok(εn
3).

Finally, since two points determine a line, for 2 ⩽ j ⩽ 4 we have ∆j(wlight) ⩽ (kn)4−j . Therefore, Bn(wlight) =
max
j∈[4]

∆j(wlight)n
j = Ok(n

4). □

Proof of Proposition 3.1. Set ε := cη for a sufficiently small c = c(k) > 0. Throughout the proof, we
assume that n is sufficiently large in terms of k and ε.

We would like to apply Lemma 2.2 to the hypergraph H(k)
ε from Definition 3.3 with ∆ = n and r = |Dε| =

O(1/ε2) and δ = 0.1 and L = 4, and test functions wsize, wrep, and wlight from Definition 3.4 (in fact, here
we do not need the spreadness guarantee; we only use the existence of a matching satisfying (1)). To check

the required hypotheses, we first note that ∆(H(k)
ε ) = n and, since a pair of lines share at most one point,

∆2(H(k)
ε ) = 1 ⩽ n1−δ. Since γ = δ/(100L2r2) = Θk,ε(1), we have |E(H(k)

ε )| = kn2 ⩽ exp(nγ2

), and the number

of test functions is 3 ⩽ exp(nγ2

). So, Lemma 2.2 gives us a matchingM in H(k)
ε such that

|M| = wsize(M) = (1± n−γ)kn± 2nδ, wrep(M) = Ok(n
δ), wlight(M) = Ok(εn).

ViewingM as a subset of [n]2 × [k], let SM be its projection onto [n]2. Then,

|SM| ⩾ |M| − wrep(M) = kn−Ok(n
1−γ).

SinceM is a matching in H(k)
ε , SM contains at most k points on each ε-heavy line. Let Sdel ⊆ SM be the set

obtained by including one point from each quadruple of points in SM that lie on the same ε-light line. Then,
|Sdel| ⩽ wlight(M) = Ok(εn), and hence

|SM \ Sdel| = kn−Ok(n
1−γ)−Ok(εn) ⩾ (1− η)kn.

Since SM \Sdel contains at most 3 ⩽ k points on each ε-light line by construction, this completes the proof. □

4. Completion procedure

In this section, our goal is to prove Theorem 1.1. Since for n ⩾ k ⩾ 1037 the desired result is just [16, Theorem
1.1], we focus on the case when k is fixed and n is sufficiently large in terms of k. The dependence of n on k
will be moderated via the intermediate parameters ρ, α, ε ∈ (0, 1) used throughout this section that satisfy

1/k ≫ ρ≫ α≫ ε≫ 1/n, (2)

where a≫ b means that we take b to be sufficiently small in terms of a.

We briefly explain the role of each intermediate parameter. The role of ε is essentially the same as in Section 3:

it is a threshold that separates the heavy directions that correspond to the parts ofH(k)
ε from the light directions

that are handled via a deletion argument. The parameter α is a similar “heaviness threshold”, which will be
used for the completion procedure after the deletion argument (for technical reasons we need α to be much
larger than ε). Finally, ρ controls the randomness of the completion procedure: we will show that, with high
probability, at each step we have at least ρn available absorbers to choose from.

We say that a direction d ∈ D is non-trivial if d /∈ {(1, 0), (0, 1)}; similarly, a line is non-trivial if it is neither
vertical nor horizontal. Let D′

ε := Dε \ {(1, 0), (0, 1)} be the set of non-trivial ε-heavy directions. Also, we
say that a direction d (or a line with such direction) is irrelevant if ∥d∥∞ ⩾ n/3. Note that an irrelevant line
contains at most 3 points of the grid [n]2, and thus is indeed not relevant for our problem.

Definition 4.1. A point (x, y) ∈ S ⊆ [n]2 is called an absorber in S for a point (c, r) ∈ [n]2 if

A1 (x, r) /∈ S, (c, y) /∈ S;

A2 (x, y) ̸= (c, r), and the line through (x, r) and (c, y) is irrelevant;
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A3 every non-trivial line through (x, r) or (c, y) contains at most k − 1 points of S.

Let AS(p) denote the set of absorbers in S for p.

To illustrate the usefulness of absorbers, consider a set S ⊆ [n]2 with at most k points on each line and a point
(c, r) such that its row and column contain at most k − 1 points of S. If (x, y) ∈ S is an absorber for (c, r),
then the set S′ := (S \{(x, y)})∪{(x, r), (c, y)} also contains at most k points on each line, and has size |S|+1.

For future use, we record the observation that a positive fraction of the grid points satisfy condition A2. For
a point (c, r) ∈ [n]2, define

I(c, r) := {(x, y) ∈ [n]2 \ {(c, r)} : the line through (x, r) and (c, y) is irrelevant}.

Lemma 4.2. |I(c, r)| ⩾ 0.05n2 for each (c, r) ∈ [n]2.

Proof. By reflecting the grid if necessary, we may assume that c ⩽ n/2 and r ⩽ n/2. By definition, if

max(|x− c|, |y − r|) ⩾ n/3 and gcd(x− c, y − r) = 1,

then the line through (x, r) and (c, y) is irrelevant. Hence, for every integer vector (a, b) ∈ [0, n/2]× [n/3, n/2]
with gcd(a, b) = 1, the point (c+a, r+b) belongs to I(c, r). A classical result (likely dating back to Minkowski,
see e.g. [3]) states that for a convex polygon Q, the number of integer points with coprime coordinates inside
mQ is equal to 6

π2 · area(Q) ·m2 + o(m2) as m→∞. Applying this result to the rectangle [0, n/2]× [n/3, n/2],
we conclude that

|I(c, r)| ⩾ 6

π2
· n

2

12
+ o(n2) > 0.05n2. □

As in Section 3, our construction involves a pseudorandom matching in the hypergraphH(k)
ε from Definition 3.3.

To show that the resulting configuration can be completed to a no-(k + 1)-in-line set of size kn, we need to
ensure that at each step of the completion procedure we have enough available absorbers. In turn, to find these
absorbers we need finer control over the pseudorandomness of our matching, which is achieved via additional
test functions for heavy lines and via spreadness for light lines.

4.1. New test functions. For a point p ∈ [n]2 and a direction d ∈ D, let Ld(p) denote the intersection of
[n]2 with the line through p in direction d, and let L∗

d(p) := Ld(p) \ {p}.

Definition 4.3. Fix a point (c, r) ∈ [n]2. For a point (x, y) ∈ [n]2, we say that a point p′ ∈ [n]2 is ε-
common between (x, r) and (c, y) if it belongs to L∗

d1
(x, r) ∩ L∗

d2
(c, y) for some non-trivial ε-heavy directions

d1,d2 ∈ D′
ε. Let w

(c,r)
com be the 2-uniform test function on E(H(k)

ε ) = [n]2 × [k] defined as follows. For a pair of

edges E ⊆ [n]2 × [k], let w
(c,r)
com (E) be the number of choices of (x, y) ∈ I(c, r) and p′ ∈ [n]2 and i′ ∈ [k], such

that p′ is ε-common between (x, r) and (c, y), and such that E = {((x, y), 1), (p′, i′)}. (Note that w
(c,r)
com takes

values in {0, 1, 2}.)

Lemma 4.4. For every point (c, r) ∈ [n]2, we have

w(c,r)
com ([n]2 × [k]) = Ok,ε(n

2), Bn(w
(c,r)
com ) = Ok,ε(n

2).

Proof. For each (x, y) ∈ I(c, r) the line through (x, r) and (c, y) is irrelevant and thus surely not ε-heavy.
Hence, since two different lines meet in at most one point and D′

ε ⊆ {(a, b) ∈ Z2 : |a|, |b| ⩽ 1/ε}, the number
of ε-common points between (x, r) and (c, y) is at most |D′

ε|2 = O(1/ε4). Similarly, for each point p′ ∈ [n]2,
ε-heavy lines through p′ intersect the column and row of (c, r) in at most |D′

ε| points, which leaves at most
|D′

ε|2 = O(1/ε4) options for the point (x, y) such that p′ is ε-common between (x, r) and (c, y). This implies

that ∆1(w
(c,r)
com ) = Ok,ε(1). Also recall that ∆2(w

(c,r)
com ) ⩽ 2, so

w(c,r)
com ([n]2 × [k]) ⩽ n2k∆1(w

(c,r)
com ) = Ok,ε(n

2),

Bn(w
(c,r)
com ) = max(∆1(w

(c,r)
com )n,∆2(w

(c,r)
com )n2) = Ok,ε(n

2). □
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The next test function encodes the “obstructions” that preclude a point (x, y) from being an absorber for (c, r).

Definition 4.5. For sets of non-trivial ε-heavy directions D1, D2 ⊆ D′
ε and a point (c, r) ∈ [n]2, let w

(c,r)
D1,D2

be

the (k(|D1|+ |D2|)+1)-uniform test function on E(H(k)
ε ) = [n]2× [k] defined as follows. For a set E ⊆ [n]2× [k]

of size k(|D1| + |D2|) + 1, let w
(c,r)
D1,D2

(E) be the number of choices of (x, y) ∈ I(c, r) and of pd1,i ∈ [n]2 and

pd2,i ∈ [n]2 for all d1 ∈ D1 and d2 ∈ D2 and i ∈ [k], such that

P1 pd1,i ∈ L∗
d1
(x, r) for each d1 ∈ D1 and i ∈ [k], and pd2,i ∈ L∗

d2
(c, y) for each d2 ∈ D2 and i ∈ [k],

P2 the points pd1,i and pd2,i are pairwise distinct and not ε-common between (x, r) and (c, y),

and such that
E = {((x, y), 1)} ∪ {(pd1,i, i)}d1∈D1,i∈[k] ∪ {(pd2,i, i)}d2∈D2,i∈[k].

To motivate this definition, for a matchingM in H(k)
ε and a point (c, r) ∈ [n]2, consider the expression∑

D1,D2⊆D′
ε

(−1)|D1|+|D2|w
(c,r)
D1,D2

(M). (3)

By inclusion-exclusion, it counts (up to lower-order terms) the number of points (x, y) ∈ I(c, r) such that
((x, y), 1) ∈M and the projection ofM⊆ [n]2× [k] onto [n]2 contains at most k− 1 points on each non-trivial
ε-heavy line through (x, r) or (c, y). To estimate the expression (3), we will combine Lemma 2.2 with the
following statement.

Lemma 4.6. For every pair of sets D1, D2 ⊆ D′
ε and a point (c, r) ∈ [n]2, we have

w̃
(c,r)
D1,D2

([n]2 × [k]) =
∑

(x,y)∈I(c,r)

∏
d1∈D1

|L∗
d1
(x, r)|k

∏
d2∈D2

|L∗
d2
(c, y)|k +Ok,ε(n

k(|D1|+|D2|)+1),

Bn(w̃
(c,r)
D1,D2

) ⩽ Bn(w
(c,r)
D1,D2

) = Ok,ε(n
k(|D1|+|D2|)+1),

where w̃
(c,r)
D1,D2

:= 1{E : E is a matching in H(k)
ε } · w

(c,r)
D1,D2

is the cleaning of w
(c,r)
D1,D2

.

Proof. For brevity, denote K := k(|D1|+ |D2|) + 1 = Ok,ε(1). First, we check that for every j ∈ [K] we have

∆j(w
(c,r)
D1,D2

) = Ok,ε(n
K−j), which would imply the desired bound on Bn(w

(c,r)
D1,D2

). Consider a set J ⊆ [n]2× [k]

of size j ∈ [K]. We need to bound the number of sequences

E⃗ =
(
((x, y), 1), ((pd1,i, i))d1∈D1,i∈[k], ((pd2,i, i))d2∈D2,i∈[k]

)
(4)

of elements of [n]2 × [k] satisfying P1 and P2 from Definition 4.5 whose underlying set E contains J . Fix one
of the Ok,ε(1) ways to assign distinct “positions” in this sequence to the elements of J . If some element of J
plays the role of ((x, y), 1), then by P1 the number of ways to fill each of the K − j unoccupied positions is

at most n, which gives a total of at most nK−j such sequences E⃗. Otherwise, consider an arbitrary (p, i) ∈ J
which plays the role of (pd1,i, i) for some d1 ∈ D1 or (pd2,i, i) for some d2 ∈ D2. In the first case (x, y) must
share a column with the intersection point of Ld1(p) and the row of (c, r), and in the second case (x, y) must
share a row with the intersection point of Ld2(p) and the column of (c, r). Either way, this leaves at most n

options for (x, y), and hence at most n · nK−j−1 = nK−j options for the sequence E⃗.

Next, we prove the asymptotic formula for w
(c,r)
D1,D2

([n]2 × [k]), which is again just the number of sequences E⃗

as in (4) that satisfy P1 and P2. Fix a point (x, y) ∈ I(c, r), and note that there are at most |D′
ε|2 = O(1/ε4)

ε-common points between (x, r) and (c, y) (because the line through (x, r) and (c, y) is not ε-heavy). Picking
the points (pd1,i)d1∈D1,i∈[k] and (pd2,i)d2∈D2,i∈[k] one by one, we have |L∗

d1
(x, r)| − Ok,ε(1) choices for each

pd1,i and |L∗
d2
(c, y)| − Ok,ε(1) choices for each pd2,i (because P2 requires these points to be distinct and not

ε-common between (x, r) and (c, y)). As a consequence,

w
(c,r)
D1,D2

([n]2 × [k]) =
∑

(x,y)∈I(c,r)

∏
d1∈D1

(
|L∗

d1
(x, r)| −Ok,ε(1)

)k ∏
d2∈D2

(
|L∗

d2
(c, y)| −Ok,ε(1)

)k
. (5)
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It remains to take into account the cleaning. We will show that the number of sequences E⃗ such that w̃(E) ̸=
w(E) is Ok,ε(n

K). Together with (5), this would yield the desired asymptotic formula for w̃
(c,r)
D1,D2

([n]2 × [k]).

By the definition of cleaning, the underlying set E of each such sequence contains two elements (p′1, i) and
(p′2, i) such that the points p′1 and p′2 lie on the same ε-heavy line in some direction d0.

Consider the case when neither of p′1 and p′2 plays the role of (x, y) in E⃗. In this case, p′1 ∈ L∗
d1
(p1) and

p′2 ∈ L∗
d2
(p2) for some non-trivial ε-heavy directions d1, d2 and points p1, p2 ∈ {(x, r), (c, y)} such that

(d1, p1) ̸= (d2, p2). Since p′1 and p′2 are not ε-common between (x, r) and (c, y) by P2, this implies that
d0 ̸= d1 and d0 ̸= d2. Thus, fixing one of Ok,ε(n

3) choices of (x, y), d0, d1, d2, p1, p2, and p′1 ∈ L∗
d1
(p1)

determines p′2. Each of the K − 3 remaining positions in E⃗ can be filled in at most n ways, and hence the

number of such sequences E⃗ is Ok,ε(n
3) · nK−3 = Ok,ε(n

K).

Similarly, consider the case when (say) p′1 = (x, y) and p′2 ∈ L∗
d(p) for some non-trivial ε-heavy direction d and

a point p ∈ {(x, r), (c, y)}. Then, clearly, d0 ̸= d, and thus fixing one of Ok,ε(n
2) choices of p′1 = (x, y), d0, d,

and p determines p′2. Again, each of the K − 2 remaining positions in E⃗ can be filled in at most n ways, and

hence the number of such sequences E⃗ is Ok,ε(n
2) · nK−2 = Ok,ε(n

K). □

4.2. Initial configuration. In this subsection we construct a no-(k+1)-in-line set Sinit ⊆ [n]2 of size close to
kn that satisfies the pseudorandomness properties required for the completion procedure. It is convenient to
introduce the following analogue of Definition 4.1, in which condition A3 is restricted to ε-heavy lines.

Definition 4.7. For a set S ⊆ [n]2 and a point (c, r) ∈ [n]2, we say that a point (x, y) ∈ S is an ε-absorber in
S for (c, r) if (x, r) /∈ S, (c, y) /∈ S, (x, y) ∈ I(c, r), and every non-trivial ε-heavy line through (x, r) or (c, y)
contains at most k − 1 points of S. Let AS,ε(p) denote the set of ε-absorbers in S for p.

Lemma 4.8. There exists γ = γ(k, ε) > 0 and a (2k/n, nγ)-spread random set Sinit ⊆ [n]2 that always satisfies
the following properties:

(a) |Sinit| = kn−Ok(εn);

(b) Sinit contains at most k points on each line;

(c) for each p ∈ [n]2, we have |ASinit,ε(p)| ⩾ 2ρn.

Proof. We can apply Lemma 2.2 to H(k)
ε with

∆ = n, r = |Dε| = O(1/ε2), δ = 0.1, L = 2k|D′
ε|+ 1 = O(k/ε2),

and test functions wsize, wrep, wlight, (w̃
(c,r)
com )(c,r)∈[n]2 , and (w̃

(c,r)
D1,D2

)(c,r)∈[n]2,D1,D2⊆D′
ε
from Definitions 3.4, 4.3

and 4.5. Indeed, we have ∆(H(k)
ε ) = n and ∆2(H(k)

ε ) = 1 ⩽ n1−δ and |E(H(k)
ε )| = kn2 ⩽ exp(nγ2

) for

γ = δ/(100L2r2), and the total number of test functions is 3 + n2 + n22O(1/ε2) ⩽ exp(nγ2

). So, recalling the

bounds from Lemmas 3.5, 4.4 and 4.6, Lemma 2.2 gives us a (2/n, nγ)-spread random matching M in H(k)
ε

such that

|M| = wsize(M) = (1± n−γ)kn± 2nδ, wrep(M) = Ok(n
δ), wlight(M) = Ok(εn),

and for every (c, r) ∈ [n]2 and D1, D2 ⊆ D′
ε,

w(c,r)
com (M) = w̃(c,r)

com (M) = Ok,ε(n
δ), (6)

w
(c,r)
D1,D2

(M) = w̃
(c,r)
D1,D2

(M) =
1

n

∑
(x,y)∈I(c,r)

∏
d1∈D1

(|L∗
d1
(x, r)|/n)k

∏
d2∈D2

(|L∗
d2
(c, y)|/n)k +Ok,ε(n

1−γ). (7)

Let SM be the projection of M ⊆ [n]2 × [k] onto [n]2. Note that |SM| ⩾ |M| − wrep(M) = kn − Ok(n
1−γ),

and, sinceM is a matching in H(k)
ε , SM contains at most k points on each ε-heavy line. Furthermore, sinceM

is (2/n, nγ)-spread, SM is (2k/n, nγ)-spread. Let Sdel be obtained by including one point from each quadruple
of points in SM that lie on the same ε-light line, and note that |Sdel| ⩽ wlight(M) = Ok(εn). Therefore,
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Sinit := SM \ Sdel ⊆ SM is (2k/n, nγ)-spread and satisfies the desired conditions (a) and (b). It remains to
check that it satisfies condition (c) as well.

For a point (c, r) ∈ [n]2, define A′
M(c, r) as the set of (x, y) ∈ I(c, r) such that ((x, y), 1) ∈ M and such that

M does not contain a set “obstructing” a non-trivial ε-heavy direction d for a point p ∈ {(x, r), (c, y)}: i.e., a
set of the form {(p′i, i)}i∈[k] for distinct points p′1, . . . , p

′
k ∈ L∗

d(p) that are not ε-common between (x, r) and

(c, y). By Definition 4.5, w
(c,r)
D1,D2

(M) counts the number of (x, y) ∈ I(c, r) such that ((x, y), 1) ∈ M and such

thatM contains the sets obstructing all the directions in D1 for (x, r) and all the directions in D2 for (c, y).
Hence, by inclusion-exclusion, we have

|A′
M(c, r)| =

∑
D1,D2⊆D′

ε

(−1)|D1|+|D2|w
(c,r)
D1,D2

(M).

Combining this with (7), we obtain that

|A′
M(c, r)| = 1

n

∑
(x,y)∈I(c,r)

∏
d∈D′

ε

(1− (|L∗
d(x, r)|/n)k)

∏
d∈D′

ε

(1− (|L∗
d(c, y)|/n)k) +Ok,ε(n

1−γ). (8)

To prove a lower bound on this expression, we define

F := {(x, y) ∈ [n]2 : |x− y| ⩾ 0.001n, |x+ y − (n+ 1)| ⩾ 0.001n}.

Note that for each p ∈ F and non-trivial direction d, we have |L∗
d(p)| ⩽ 0.999n: indeed, this is true for d ∈

{(1, 1), (1,−1)} by the definition of F , and any other non-trivial direction d satisfies |L∗
d(p)| ⩽ n/∥d∥∞ ⩽ n/2.

Since 1− x ⩾ exp(−10x) for x ∈ [0, 0.999], this implies that 1− (|L∗
d(p)|/n)k ⩾ exp(−10(|L∗

d(p)|/n)k). Define

IF (c, r) := {(x, y) ∈ I(c, r) : (x, r) ∈ F, (c, y) ∈ F}.

Since [n]2 \ F contains at most 0.004n points in each column or row, Lemma 4.2 implies that |IF (c, r)| ⩾
|I(c, r)| − 0.008n2 ⩾ 0.01n2. Therefore, we can lower bound the right-hand side of (8) as follows:

|A′
M(c, r)| ⩾ 1

n

∑
(x,y)∈IF (c,r)

exp

−10 ∑
d∈D′

ε

(
(|L∗

d(x, r)|/n)k + (|L∗
d(c, y)|/n)k

)+Ok,ε(n
1−γ)

⩾ 0.01n · exp

−20 ∑
d∈D′

ε

1

∥d∥k∞

+Ok,ε(n
1−γ) ⩾ 0.01n · exp

(
−20

n∑
m=1

4m

m3

)
+Ok,ε(n

1−γ) = Ω(n),

where in the last inequality we used that k ⩾ 3 and that for each m ∈ N there are at most 4m directions d
with ∥d∥∞ = m.

Suppose that (x, y) ∈ A′
M(c, r) but (x, y) is not an ε-absorber in Sinit for (c, r). Then one of the following must

hold:

• (x, y) ∈ Sdel;

• (x, r) ∈ SM or (c, y) ∈ SM;

• some point p′ ∈ SM is ε-common between (x, r) and (c, y).

The number of points satisfying the first item is at most |Sdel| = Ok(εn). Since SM contains at most k points
in each column or row, the number of points satisfying the second item is at most 2k. By (6), the number of
points satisfying the third item is Ok,ε(n

δ). Therefore, by our choice of ρ and ε from (2),

|ASinit,ε(c, r)| ⩾ |A′
M(c, r)| −Ok(εn)− 2k −Ok,ε(n

δ) ⩾ 2ρn. □
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4.3. Randomised completion procedure. In this subsection, we describe a randomised procedure that
completes the (random) initial configuration Sinit given by Lemma 4.8 into a no-(k + 1)-in-line set of size kn
with high probability.

Definition 4.9 (Completion procedure). Let T := kn−|Sinit|, and note that T = Ok(εn) by Lemma 4.8(a). Let
(c1, . . . , cT ) and (r1, . . . , rT ) be the sequences of indices of “unsaturated” columns and rows (in arbitrary order),
where the number of times each column/row index appears equals (k−#{points of Sinit in that column/row}).
Consider the following randomised algorithm:

Algorithm 1

1: S0 ← Sinit

2: for t = 1 to T do
3: if ASt−1(ct, rt) = ∅ then
4: Abort
5: Pick (xt, yt) ∈ ASt−1

(ct, rt) uniformly at random

6: St ←
(
St−1 \ {(xt, yt)}

)
∪ {(xt, rt), (ct, yt)}

7: return ST

Note that each successful step of this algorithm increases the number of points of the current set in the
target column ct and row rt by one, while keeping the number of its points in every other row and column
unchanged. Thus, by the choice of (c1, . . . , cT ) and (r1, . . . , rT ) and the definition of absorbers (Definition 4.1),
each step preserves the no-(k + 1)-in-line property of the current set and increases its size by one. In the next
subsection, we will prove the following proposition stating that, with high probability (taking into account both
the randomness of Sinit and the random choices made by the algorithm), this algorithm does not abort.

Proposition 4.10. With probability at least 1− exp(−nΩk,ε(1)), Algorithm 1 does not abort, and, furthermore,
for every t ∈ [T ] and (c, r) ∈ [n]2 we have

|ASt−1(c, r)| ⩾ ρn.

If this event occurs, then the final set ST has size kn and contains at most k points on each line. Recalling the
discussion at the beginning of this section, we conclude that Proposition 4.10 implies Theorem 1.1.

4.4. Analysing the completion procedure via spreadness. To prove Proposition 4.10, we will bound the
number of points (x, y) which are ε-absorbers in Sinit (for some point (c, r)), but are not ε-absorbers at some
later step of the completion procedure. The main reason why this can happen is that (x, y) may violate A3 in
Definition 4.1: there may be a line through (x, r) or (c, y) containing at least k points. It is easy to bound the
impact of the α-heavy lines: since ε ⩽ α, an α-heavy line through (x, r) or (c, y) can only contain k points if
some point was added to this line in the completion phase itself, and this can happen for at most Ok((ε/α

2)n)
different ε-absorbers. Handling the α-light lines is more difficult, and this is where we will use the spreadness
of Sinit (via Lemma 4.12).

Definition 4.11. For a column or row L of the grid [n]2, let TL be the set of triples of points in [n]2 \ L that
lie on the same α-light line intersecting L; that is,

TL :=
{
{p1, p2, p3} ∈

(
[n]2 \ L

3

)
: p1, p2, p3 ∈ L∗

d(p) for some α-light direction d and a point p ∈ L
}
.

For a set S ⊆ [n]2, let TL(S) := {T ∈ TL : T ⊆ S}.

Lemma 4.12. Let L be a column or row of the grid, and let S ⊆ [n]2 be a (c/n, 3m)-spread random set for
some c ⩾ 1 and a positive integer m ⩽ (αn)1/3. Then, with probability at least 1− exp(−m),

|TL(S)| = O(c3αn).
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Lemma 3.2 implies that for each point p ∈ [n]2 there are O(αn3) triples of points {p1, p2, p3} ⊆ [n]2 \ {p} that
lie on the same α-light line passing through p. Here we also need a similar bound for pairs instead of triples.

Lemma 4.13. For every point p ∈ [n]2, there are O(n2 log n) pairs of points {p1, p2} ⊆ [n]2 \ {p} that lie on
the same line passing through p.

Proof. For each m ∈ N, there are at most 4m directions d ∈ D with ∥d∥∞ = m. For each direction d ∈ D,
we have |L∗

d(p)| ⩽ n/∥d∥∞, and hence there are at most (n/∥d∥∞)2 choices for the pair {p1, p2} on this line.
Taking the sum over all directions d ∈ D, we conclude that the total number of such pairs is at most

n2
∑
d∈D

1

∥d∥2∞
⩽ n2

n∑
m=1

4m

m2
= O(n2 log n). □

Proof of Lemma 4.12. Write q := c/n. For a set of points P ⊆ [n]2, let

W (P ) :=
∑
T∈TL

q|T\P |.

Then, by (q, 3m)-spreadness of S,

E[|TL(S)|m] ⩽
∑

T1,...,Tm∈TL

P[T1 ∪ . . . ∪ Tm ⊆ S] ⩽
∑

T1,...,Tm∈TL

q|
⋃m

i=1 Ti|.

This expression can be bounded inductively as∑
T1,...,Tm∈TL

q|
⋃m

i=1 Ti| ⩽
∑

T1,...,Tm−1∈TL

(
q|

⋃m−1
i=1 Ti|

∑
Tm∈TL

q|Tm\
⋃m−1

i=1 Ti|

)

⩽

(
max

|P |⩽3m
W (P )

)
·

∑
T1,...,Tm−1∈TL

q|
⋃m−1

i=1 Ti| ⩽

(
max

|P |⩽3m
W (P )

)m

.

Therefore, E[|TL(S)|m] ⩽

(
max

|P |⩽3m
W (P )

)m

. To estimate W (P ), we note that

W (P ) ⩽ q3W0 + q2|P |W1 + q|P |2W2 + |P |3W3, where Wj = max
|X|=j

∣∣{T ∈ TL : X ⊆ T
}∣∣. (9)

Summing the bound given by Lemma 3.2 over all points p ∈ L, we obtain that W0 = O(αn4). Lemma 4.13
implies that W1 = O(n2 log n). Since a pair of points determines a line, we have W2 ⩽ n. Finally, we trivially
have W3 ⩽ 1. Recalling that c ⩾ 1 and m ⩽ (αn)1/3, we substitute these bounds into (9) and obtain that for
every set P ⊆ [n]2 of size at most 3m,

W (P ) = O
(
c3αn+ c2m logn+ cm2 +m3

)
= O(c3αn).

Therefore, E[|TL(S)|m] ⩽
(
C · c3αn

)m
for some absolute constant C, and by Markov’s inequality,

P[|TL(S)| > 3C · c3αn] ⩽ E[|TL(S)|m]

(3C · c3αn)m
⩽ exp(−m). □

Definition 4.14 (Stopping time). Recall the setup in Definition 4.9. Define τ as the minimal t ∈ [T ] such
that |ASt−1

(c, r)| < ρn for some (c, r) ∈ [n]2 (i.e., the event in Proposition 4.10 does not occur), or τ = T + 1
if no such t exists. Let Scomp be the set of points added by Algorithm 1 up to step τ :

Scomp :=
⋃
t<τ

{(xt, rt), (ct, yt)}.

In these terms, we need to show that τ = T + 1 with high probability. One could attempt to approach this by
applying Lemma 4.12 to the set Sinit ∪Scomp ⊇ Sτ−1. Unfortunately, since Scomp is constructed by adding two
points at a time, it does not satisfy the required spreadness condition. To avoid this issue, we instead work
with the set Shalf obtained by including a uniformly random one of the two points at each step.
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Definition 4.15. For each 1 ⩽ t < τ , let phalf(t) be either (xt, rt) or (ct, yt) with probability 1/2, independently
of each other and of all other random choices in our procedure. Then, let Shalf := {phalf(t) : 1 ⩽ t < τ}.

Lemma 4.16. If we condition on any outcome of Sinit, then the conditional distribution of Shalf is (4k
2/(ρn), n2)-

spread.

Proof. All probabilities in this proof are assumed to be conditional on an arbitrary fixed outcome of Sinit.
Consider a set of points P = {p1, . . . , pN} ⊆ [n]2. If P ⊆ Shalf , then there are distinct steps t1, . . . , tN < τ
such that pi = phalf(ti) for each i ∈ [N ]. Denote this event by E(t1, . . . , tN ). If it occurs, then for each i ∈ [N ]
we have pi = (xti , rti) or pi = (cti , yti), and hence pi shares a column or a row both with the point (cti , rti)
and the absorber (xti , yti) in Sti−1 for (cti , rti).

By the definition of τ , the condition ti < τ implies that at step ti we have at least ρn absorbers to choose from.
Since Sti−1 contains at most k points in each column or row, at most 2k of them share a column or row with
pi. Therefore,

P[E(t1, . . . , tN )] ⩽ E

[
N∏
i=1

1ti<τ · 2k
|ASti−1(cti , rti)|

]
⩽ (2k/(ρn))N . (10)

On the other hand, the sequences (c1, . . . , cT ) and (r1, . . . , rT ) each contain at most k copies of each column/row
index, and hence for each i ∈ [N ] there are at most 2k values of ti such that E(t1, . . . , tN ) can possibly
occur. So, taking the sum of (10) over at most (2k)N possible sequences of times t1, . . . , tN , we conclude that
P[P ⊆ Shalf ] ⩽ (4k2/(ρn))N , as desired. □

Lemma 4.17. Let L be a column or row of the grid. With probability at least 1− exp(−nΩk,ε(1)), we have

|TL(Sinit ∪ Scomp)| = Ok

(
(α/ρ3)n

)
.

Proof. By Lemma 4.8, Sinit is (2k/n, n
γ)-spread for some γ = γ(k, ε) > 0. By Lemma 4.16, Shalf is (4k

2/(ρn), n2)-
spread, even after conditioning on an arbitrary outcome of Sinit. Hence, by Fact 2.3, Sinit∪Shalf is (8k

2/(ρn), nγ)-
spread. Applying Lemma 4.12 with m = nγ/3 to a column or row L, we conclude that with probability at
least 1− exp(−nγ/3)

|TL(Sinit ∪ Shalf)| ⩽ (Cα/ρ3)n (11)

for some C = C(k).

It remains to “transfer” this bound to Sinit ∪ Scomp. Fix a certain outcome of Sinit and Scomp, and consider a
triple of points {p1, p2, p3} ∈ TL(Sinit ∪ Scomp). Then, the line containing p1, p2, p3 also contains some point of
L, and thus is not irrelevant. Hence, by A2 (from Definition 4.1), it contains at most one point from each pair of
the form {(xt, rt), (ct, yt)} for t < τ . So, conditionally on this outcome of Sinit and Scomp as well as the choices
of absorbers made during the completion procedure, each of the points p1, p2, p3 is included in Sinit ∪ Shalf

with probability at least 1/2 independently of each other. Taking the sum over all triples (and averaging
over the choices of absorbers), we obtain that E

[
|TL(Sinit ∪ Shalf)|

∣∣Sinit, Scomp

]
⩾ |TL(Sinit ∪ Scomp)|/8, and

consequently,

P
[
|TL(Sinit ∪ Shalf)| ⩾

1

16
|TL(Sinit ∪ Scomp)|

∣∣∣ Sinit, Scomp

]
⩾

1

16
.

Denoting the event that |TL(Sinit ∪ Scomp)| > (16Cα/ρ3)n by E , we have

P
[
|TL(Sinit ∪ Shalf)| > (Cα/ρ3)n

]
⩾ E

[
1E · P

[
|TL(Sinit ∪ Shalf)| ⩾

1

16
|TL(Sinit ∪ Scomp)|

∣∣∣ Sinit, Scomp

]]
.

Together with (11) this yields that P[E ] ⩽ 16 exp(−nγ/3), and thus |TL(Sinit ∪ Scomp)| ⩽ (16Cα/ρ3)n with
probability at least 1− 16 exp(−nγ/3), as desired. □

Proof of Proposition 4.10. By Lemma 4.17 (and the union bound over 2n columns and rows), with proba-
bility at least 1− exp(−nΩk,ε(1)), every column or row L of the grid satisfies |TL(Sinit∪Scomp)| = Ok((α/ρ

3)n).
So, it suffices to show that if this event occurs, then τ = T + 1.
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Suppose that τ = t ⩽ T , and thus St−1 ⊆ Sinit ∪ Scomp. Fix an arbitrary point (c, r) ∈ [n]2, and recall that
|ASinit,ε(c, r)| ⩾ 2ρn by Lemma 4.8(c). If a “candidate” ε-absorber (x, y) in Sinit for (c, r) is not an actual
absorber in St−1 for (c, r), then one of the following must hold:

• Case 1: (x, y) does not lie in St−1 ⊇ Sinit \ {(x1, y1), . . . , (xt−1, yt−1)}. Since t ⩽ T = Ok(εn), this
can affect at most Ok(εn) candidates (x, y);

• Case 2: either (x, r) or (c, y) is already in St−1. Since both St−1 and Sinit contain at most k points
in each column or row, this affects at most 2k2 candidates (x, y).

• Case 3: there is a non-trivial line L through either (x, r) or (c, y) that contains at least k
other points of St−1.

– Case 3a: L is α-heavy. Since ε ⩽ α and (x, y) is an ε-absorber in Sinit for (c, r), at least one of
these k points was added during the first t − 1 steps of the completion procedure. Since there are
|D′

α| = O(1/α2) different α-heavy lines through each of Ok(εn) such points, the number of possible
lines L is Ok((ε/α

2)n). Therefore, since Sinit contains at most k points in each column or row, this
affects Ok((ε/α

2)n) candidates (x, y).

– Case 3b: L is α-light. Let L1 and L2 be the column and row of (c, r), respectively. Since k ⩾ 3 and
St−1 ⊆ Sinit∪Scomp, the line Lmust contain a triple of points in TL1

(Sinit∪Scomp) or TL2
(Sinit∪Scomp).

Hence, the total number of points (c, y) ∈ L1 and (x, r) ∈ L2 blocked by such lines is at most

|TL1
(Sinit ∪ Scomp)|+ |TL2

(Sinit ∪ Scomp)| = Ok((α/ρ
3)n).

Again, since Sinit contains at most k points in each column or row, this affects Ok((α/ρ
3)n) candidates

(x, y).

Taking the sum over all these cases, we conclude that for each point (c, r) ∈ [n]2

|ASt−1
(c, r)| ⩾ 2ρn−Ok(εn)− 2k2 −Ok((ε/α

2)n)−Ok((α/ρ
3)n),

which is at least ρn by our choice of parameters from (2). However, by the definition of τ , this implies that in
fact τ > t, contradicting our assumption that τ = t. □

5. Higher dimensions

The proof of Theorem 1.4 is largely similar to the proof of Proposition 3.1 in Section 3. The main difference is
that if one applies Lemma 2.2 to the test function wlight defined in an analogous way, then the resulting bound
(1) would not be strong enough (because B∆(w) would be large compared to w(E(H)), at least for some values
of d and s). Instead, we do not work with wlight as a test function directly, but deduce a sufficient bound from
the spreadness of our matching.

Let Dd,s be the set of primitive4 rank-s lattices Γ ⊆ Zd such that Γ ∩ [−n, n]d contains s linearly independent
vectors. For each ε > 0, we say that a lattice Γ ∈ Dd,s is ε-heavy if 1/det Γ ⩾ ε, and ε-light otherwise. Let
Dd,s

ε := {Γ ∈ Dd,s : 1/det Γ ⩾ ε} be the set of ε-heavy lattices. We remark that lattices here play the same
role as directions did in Section 3, and det Γ is a suitable analogue of ∥d∥∞ for this setting5.

By a result of Schmidt [34, Theorem 2], the number of lattices in Zd with determinant at most M is Od(M
d),

which immediately implies that
|Dd,s

ε | = Od(1/ε
d). (12)

Note that for each affine subspace V of dimension s, the intersection V ∩ [n]d is contained in a translate of some
lattice Γ ∈ Dd,s. Indeed, by adding more points if necessary, we can find a set X such that V ∩ [n]d ⊆ X ⊆ [n]d

and the affine span V ′ of X has dimension s. Then, V ′ ∩ Zd is a translate of a primitive rank-s lattice with s
linearly independent vectors in [−n, n]d.

4A lattice Γ ⊆ Zd is called primitive if spanR(Γ) ∩ Zd = Γ.
5Determinant det Γ of a rank-s lattice Γ equals

√
detG, where G = (⟨vi, vj⟩)1⩽i,j⩽s is the Gram matrix of some generating vectors

v1, . . . , vs of Γ.
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Lemma 5.1. For every lattice Γ ∈ Dd,s and every point p ∈ [n]d, we have |(p+ Γ) ∩ [n]d| = Od(n
s/ det Γ).

Proof. Let V be the linear span of Γ. Note that dimV = s, and that the s-dimensional volume of [−n, n]d ∩ V
is Od(n

s). Since Γ ∩ [−n, n]d contains s linearly independent vectors, it does not lie in any proper subspace of
V . Thus, a result of Widmer [41, Corollary 2.10] (applied to Γ as a lattice in V ) implies that

|(p+ Γ) ∩ [n]d| ⩽ |Γ ∩ [−n, n]d| = Od(n
s/ det(Γ)). □

Lemma 5.2. The number of sets in [n]d of size d+ 2 contained in some translate of an ε-light lattice in Dd,s

is Od(εn
d+s(d+1)).

Proof. Fix a lattice Γ ∈ Dd,s and choose one point p1 of the set. Then, each of the remaining points p2, . . . , pd+2

must lie in (p1 + Γ) ∩ [n]d, which has size at most Cns/ det Γ for some C = C(d) by Lemma 5.1. Combining
this with (12), we conclude that the total number of such sets is at most

nd
∑

Γ∈Dd,s

1/ det Γ<ε

(Cns/ det Γ)d+1 = Cd+1nd+s(d+1)
∞∑
j=0

∑
Γ∈Dd,s

1/ det Γ∈[ε2−j−1,ε2−j)

(1/ det Γ)d+1

⩽ Cd+1nd+s(d+1)
∞∑
j=0

|Dd,s
ε2−j−1 | · (ε2−j)d+1 = Od(εn

d+s(d+1)). □

Proof of Theorem 1.4. By [16, Theorem 1.3], there exists K = K(d, η) such that the desired result holds
true whenever k ⩾ K. Thus, we focus on the case d + 1 ⩽ k < K. In particular, we may assume that n is
sufficiently large in terms of k (in addition to d and η).

Let ε := cη for a sufficiently small constant c = c(d, k) > 0. Consider the following |Dd,s
ε |-uniform |Dd,s

ε |-partite
hypergraph Hε: the vertices of Hε are the translates of ε-heavy lattices which intersect [n]d, and for each

p ∈ [n]d we put an edge {p+ Γ : Γ ∈ Dd,s
ε }. Let H(k)

ε be the union of k disjoint copies of Hε. We identify the

edge set of H(k)
ε with [n]d × [k]. Note that an affine subspace of dimension s0 contains at most ns0 points of

[n]d. So, ∆(H(k)
ε ) ⩽ ns, and, since an intersection of two primitive rank-s lattices has rank at most s − 1, we

have ∆2(H(k)
ε ) ⩽ ns−1.

As before, let wsize be the 1-uniform test function such that wsize(e) = 1 for each e ∈ E(H(k)
ε ), and let

wrep :
(
E(H(k)

ε )
2

)
→ {0, 1} be the 2-uniform test function such that wrep({(p1, i1), (p2, i2)}) = 1 if and only if

p1 = p2. Clearly,

wsize(E(H(k)
ε )) = knd, Bns(wsize) = ns, wrep(E(H(k)

ε )) =

(
k

2

)
nd, Bns(wrep) = n2s.

Applying Lemma 2.2 to H(k)
ε with ∆ = ns and r = |Dd,s

ε | = Od(1/ε
d) and δ = 1/d and L = 2, and test

functions wsize and wrep, we obtain a (2/ns, d+ 2)-spread matchingM in H(k)
ε such that

|M| = wsize(M) = (1 + o(1))knd−s and wrep(M) = Ok(n
max(d−2s,s/d)) = o(nd−s).

ViewingM as a subset of [n]d×[k] and taking the projection onto the first coordinate, we obtain a (2k/ns, d+2)-
spread set SM ⊆ [n]d of size at least |M| −wrep(M) = (1 + o(1))knd−s that contains at most k points in each
translate of an ε-heavy lattice.

Let C be the collection of subsets of [n]d of size d + 2 contained in a translate of some ε-light lattice. By
Lemma 5.2, |C| = Od(εn

d+s(d+1)). Let Sdel be the subset of SM obtained by including one point from each set
C ∈ C contained in SM. Then,

E[|Sdel|] ⩽
∑
C∈C

P[C ⊆ SM] ⩽ |C| · (2k/ns)d+2 = Od,k(εn
d−s),
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and hence there exists an outcome of SM such that |SM \ Sdel| ⩾ (1 + o(1))knd−s − Od,k(εn
d−s), which is at

least (1−η)knd−s by our choice of ε. Since k ⩾ d+1, SM \Sdel contains at most k points in each s-dimensional
affine subspace by construction, completing the proof. □

6. No-four-on-a-circle problem

6.1. Counting tools. As noted in [14], it follows from the work of Huxley and Konyagin [21] that most cyclic
quadrilaterals in [n]2 are isosceles trapezia6.

Lemma 6.1 (see [14, Lemma 4.2]). The number of cyclic quadrilaterals in [n]2 that are not isosceles trapezia

is at most n4+ 18
29+o(1) as n→∞.

Recall that D is the set of possible line directions, and Dε = {d ∈ D : 1/∥d∥∞ ⩾ ε} is the set of ε-heavy
directions. Also, for a point p ∈ R2, we write Ld(p) for the intersection of the grid [n]2 with the line through
p in direction d, and let L∗

d(p) = Ld(p) \ {p}. For each d ∈ D and ε ∈ (0, 1), define

Ld := {Ld(p) : p ∈ [n]2}, Lε :=
⊔

d∈Dε

Ld.

We say that a line is ε-heavy (resp. ε-light) if its direction is ε-heavy (resp. ε-light). Similarly, we say that an
isosceles trapezium is ε-heavy (resp. ε-light) if its parallel sides7 are ε-heavy (resp. ε-light).

Lemma 6.2. For every ε > 0, the number of ε-light isosceles trapezia in [n]2 is O(εn5).

Proof. First, we bound the number of isosceles trapezia with parallel sides in a given direction d. Each such
trapezium is determined by the choice of the midpoints p1 and p2 of its parallel sides (note that they must be
contained in the half-integer grid {(a/2, b/2) : a, b ∈ [2n]} and lie on the same line in direction d⊥ = (−b, a)),
and the choice of one of the vertices on each of the two parallel sides v1 ∈ L∗

d(p1), v2 ∈ L∗
d(p2). Then, we have

at most (2n)2 choices for p1, at most 2n/∥d∥∞ choices for p2, and at most n/∥d∥∞ choices for each of v1 and
v2. Therefore, the number of such trapezia is O(n5/∥d∥3∞).

For each m ∈ N, the number of directions d ∈ D with ∥d∥∞ = m is at most 4m. Hence, taking the sum over
all ε-light directions, we conclude that the number of ε-light isosceles trapezia is bounded by∑

d∈D\Dε

O(n5/∥d∥3∞) = O

n5
n∑

m=⌊1/ε⌋+1

4m

m3

 = O(εn5). □

For a pair of points p1, p2 ∈ [n]2, let ℓ⊥(p1, p2) be the line through the midpoint of the segment p1p2 orthogonal
to this segment (we later refer to such lines as bisectors). Note that a set S ⊆ [n]2 with no four points on a line
contains no isosceles trapezia if and only if for all pairs of distinct points p1, p2 ∈ S, the bisectors ℓ⊥(p1, p2)
are different. For a direction d ∈ D and ε ∈ (0, 1), define

L⊥
d := {ℓ⊥(p1, p2) : p1, p2 ∈ [n]2, p2 ∈ L∗

d(p1)}, L⊥
ε :=

⊔
d∈Dε

L⊥
d .

For a bisector ℓ ∈ L⊥
ε and a point p ∈ R2, let Rℓ(p) be the point obtained by reflecting p across ℓ.

6.2. Proof of Theorem 1.5. As discussed in the introduction (Remark 1.8), our proof combines two consec-
utive applications of Lemma 2.2 with a deletion argument.

Lemma 6.3 (First stage). Fix ε ∈ (0, 1), and let n be sufficiently large in terms of ε. Then there exists a
(2/n, 4)-spread random subset S1 of [n]2 that always satisfies the following properties:

(a) |S1| ⩾ (1− n−Ωε(1))n;

(b) S1 contains at most one point on each ε-heavy line;

6For us, an isosceles trapezium is a quadrilateral with a pair of parallel sides that share a common perpendicular bisector.
7Note that if a trapezium is a rectangle then both its pairs of parallel sides are ε-heavy or ε-light simultaneously.
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(c) for every line L ∈ Lε and bisector ℓ ∈ L⊥
ε , we have |{p ∈ S1 : Rℓ(p) ∈ L}| = O(n0.1);

(d) for every pair of distinct bisectors ℓ1, ℓ2 ∈ L⊥
ε , we have∣∣{(p1, p2) : p1 ∈ S1 \ ℓ1, p2 ∈ S1 \ ℓ2, Rℓ1(p1) = Rℓ2(p2)

}∣∣ = O(n0.1).

Proof. Let Hε be the following |Dε|-uniform |Dε|-partite hypergraph: the vertices of Hε are the ε-heavy lines
intersecting [n]2, and for each p ∈ [n]2 we put an edge {L ∈ V (Hε) : p ∈ L}. Clearly, ∆(Hε) ⩽ n and
∆2(Hε) ⩽ 1.

Let wsize be the 1-uniform test function on E(Hε) such that wsize(p) = 1 for each p ∈ E(Hε). Clearly,
wsize(E(Hε)) = n2 and Bn(wsize) = n. Also, for a line L ∈ Lε and a bisector ℓ ∈ L⊥

ε , let wL,ℓ : E(Hε)→ {0, 1}
be the 1-uniform test function such that wL,ℓ(p) = 1 if and only if Rℓ(p) ∈ L. Clearly, wL,ℓ(E(Hε)) ⩽ n and

Bn(wL,ℓ) = n. Furthermore, for each pair of distinct bisectors ℓ1, ℓ2 ∈ L⊥
ε , let wℓ1,ℓ2 :

(
E(Hε)

2

)
→ {0, 1} be the

2-uniform test function such that wℓ1,ℓ2({p1, p2}) = 1 if and only if

• Rℓ1(p1) = Rℓ2(p2) or Rℓ1(p2) = Rℓ2(p1), and

• the line through p1 and p2 is ε-light (this ensures that wℓ1,ℓ2 is clean).

Note that, for every p ∈ [n]2 and ℓ1, ℓ2 ∈ L⊥
ε , if wℓ1,ℓ2({p, p′}) = 1 then p′ ∈ {Rℓ1(Rℓ2(p)), Rℓ2(Rℓ1(p))}. Hence,

wℓ1,ℓ2(E(Hε)) ⩽ 2n2 and Bn(wℓ1,ℓ2) ⩽ max(2n, n2) = n2.

Applying Lemma 2.2 to Hε with ∆ = n, r = |Dε| = O(1/ε2), δ = 0.1, L = 2, and test functions wsize,
(wL,ℓ)L∈Lε,ℓ∈L⊥

ε
, and (wℓ1,ℓ2)ℓ1,ℓ2∈L⊥

ε
, we obtain a (2/n, 4)-spread random matching M in Hε that satisfies

wsize(M) = (1 ± n−Ωε(1))n, and wL,ℓ(M) = O(n0.1) for each ε-heavy line L and bisector ℓ ∈ L⊥
ε , and

wℓ1,ℓ2(M) = O(n0.1) for each pair of distinct bisectors ℓ1, ℓ2 ∈ L⊥
ε . This matching corresponds to a (2/n, 4)-

spread random subset S1 of [n]2, which satisfies (b) by the definition of Hε, and satisfies (a) and (c) by the
above estimates on wsize(M) and wL,ℓ(M). Finally, for each pair of points (p1, p2) counted in property (d),
p1 ̸= p2 and (by property (b)) the line through p1 and p2 is ε-light. Thus, the number of such pairs of points
is at most 2wℓ1,ℓ2(M) = O(n0.1). □

Lemma 6.4 (Second stage). Fix ε ∈ (0, 1), and let n be sufficiently large in terms of ε. Also fix an arbitrary
outcome of S1 given by Lemma 6.3. Then there exists a (2/n, 4)-spread random subset S2 of [n]2 \ S1 that
always satisfies the following properties:

(a) |S2| ⩾ (1− n−Ωε(1))n;

(b) S2 contains at most one point on each ε-heavy line;

(c) S1 ∪ S2 does not contain ε-heavy isosceles trapezia.

Proof. Let H′
ε be the 2|Dε|-uniform 2|Dε|-partite hypergraph with “line parts” (Vd)d∈Dε

and “bisector parts”
(V ⊥

d )d∈Dε
defined as follows:

• for each d ∈ Dε, let Vd := Ld;

• for each d ∈ Dε, let V
⊥
d := L⊥

d ∪ {vd,p : p ∈ [n]2} (we refer to vd,p as a dummy vertex );

• the edges correspond to the points of [n]2 \ S1: namely, for each d ∈ Dε, an edge corresponding to a
point p contains the vertices Ld(p) ∈ Vd and ℓ⊥(p, pd) ∈ V ⊥

d where pd is the unique point of S1 on the
line Ld(p) (if such a point pd does not exist then it contains the dummy vertex vd,p ∈ V ⊥

d instead).

First, we check that ∆(H′
ε) ⩽ n. Indeed, for a vertex L ∈ Ld, we have degH′

ε
(L) ⩽ |L∩ [n]2| ⩽ n. For a vertex

ℓ ∈ L⊥
d , we have degH′

ε
(ℓ) ⩽ |{Rℓ(p) : p ∈ S1}| ⩽ |S1| ⩽ n. Each dummy vertex vd,p has degree at most one.

To bound the codegrees, consider two distinct vertices v1, v2 ∈ V (H′
ε). If one of them is a dummy vertex, then

degH′
ε
(v1, v2) ⩽ 1. If v1 is a line L1 ∈ Ld1

and v2 is a line L2 ∈ Ld2
then degH′

ε
(v1, v2) ⩽ |L1 ∩ L2| ⩽ 1. If

v1 is a line L ∈ Vd1 and v2 is a bisector ℓ ∈ L⊥
d2
, then every edge p containing both v1 and v2 satisfies p ∈ L



19

and Rℓ(p) ∈ S1. Hence, the number of such edges is O(n0.1) by Lemma 6.3(c). Finally, if v1 and v2 are two
bisectors ℓ1 ∈ L⊥

d1
and ℓ2 ∈ L⊥

d2
, then every edge p containing both v1 and v2 satisfies p /∈ ℓ1 ∪ ℓ2, Rℓ1(p) ∈ S1,

and Rℓ2(p) ∈ S1. Hence, the number of such edges is O(n0.1) by Lemma 6.3(d). In summary, we conclude that
∆2(H′

ε) = O(n0.1).

As before, let wsize be the 1-uniform test function on E(H′
ε) such that wsize(p) = 1 for each p ∈ E(H′

ε).
Applying Lemma 2.2 to H′

ε with ∆ = n, r = 2|Dε| = O(1/ε2), δ = 0.1, L = 1, and the test function wsize,
we obtain a (2/n, 4)-spread random matching M′ in H′

ε such that |M′| = wsize(M′) = (1 ± n−Ωε(1))n. This
matching corresponds to a (2/n, 4)-spread random subset S2 of [n]2 \ S1 which satisfies (a) by the above size
estimate, and satisfies (b) and (c) by the definition of H′

ε. □

Proof of Theorem 1.5. Let ε := cη for a sufficiently small absolute constant c > 0. Let S1 be a random
subset of [n]2 given by Lemma 6.3, and let S2 be a random subset of [n]2 \ S1 given by Lemma 6.4. Since S1

is (2/n, 4)-spread, and S2 is (2/n, 4)-spread conditionally on an arbitrary outcome of S1, by Fact 2.3, S1 ∪ S2

is (4/n, 4)-spread.

By Lemma 6.3(a) and Lemma 6.4(a), we have |S1∪S2| ⩾ (2−n−Ωε(1))n. By Lemma 6.3(b) and Lemma 6.4(b),
S1∪S2 contains at most 2 points on each ε-heavy line. By Lemma 6.4(c), S1∪S2 contains no ε-heavy isosceles
trapezia. Let C be the collection of sets C ⊆ [n]2 of size 4 such that C is either contained in an ε-light line,
forms an ε-light isosceles trapezium, or forms a cyclic quadrilateral that is not an isosceles trapezium. Let
Sdel be the subset of S1 ∪ S2 obtained by including one point from each set C ∈ C contained in S1 ∪ S2. By
Lemmas 3.2, 6.1 and 6.2, we have |C| = O(εn5), and thus

E[|Sdel|] ⩽
∑
C∈C

P[C ⊆ S1 ∪ S2] ⩽ |C| · (4/n)4 = O(εn).

So, there is an outcome of S1 and S2 such that |Sdel| = O(εn). In this case, the set S := (S1∪S2)\Sdel satisfies

|S| ⩾ (2− n−Ωε(1))n−O(εn) ⩾ (2− η)n,

by our choice of ε, and does not contain four points on a circle or on a line by construction. □

Remark 6.5. The set S = (S1∪S2)\Sdel produced by our proof seems to be typically far from saturated, in the
sense that there are still many points that can be added without violating the no-four-on-a-circle constraint. It
is plausible that by tracking a lot of additional information in the first and second stages and using an inclusion-
exclusion argument (similar to the one used in the proof of Lemma 4.8), one could prove rigorous bounds along
these lines, that would allow one to consider a third application of Lemma 2.2. This would provide roughly λn
additional points (for some absolute constant λ > 0; back-of-the-envelope calculations suggest λ ≈ 0.19) and
imply that fcirc(n) ⩾ (2 + λ− o(1))n.
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[29] Alexander Novikov, Ngân Vũ, Marvin Eisenberger, Emilien Dupont, Po-Sen Huang, Adam Zsolt Wagner, Sergey Shirobokov,

Borislav Kozlovskii, Francisco J. R. Ruiz, Abbas Mehrabian, M. Pawan Kumar, Abigail See, Swarat Chaudhuri, George
Holland, Alex Davies, Sebastian Nowozin, Pushmeet Kohli, and Matej Balog. AlphaEvolve: A coding agent for scientific and

algorithmic discovery. 2025. Preprint, arXiv:2506.13131.

[30] Nicholas Pippenger and Joel Spencer. Asymptotic behavior of the chromatic index for hypergraphs. J. Combin. Theory Ser.
A, 51(1):24–42, 1989.

[31] Thomas Prellberg. Constraint satisfaction programming for the no-three-in-line problem, 2026. Preprint, arXiv:2602.07751.

[32] K. F. Roth. On a problem of Heilbronn. J. London Math. Soc., 26:198–204, 1951.
[33] Ashwin Sah, Mehtaab Sawhney, and Michael Simkin. Threshold for Steiner triple systems. Geom. Funct. Anal., 33(4):1141–

1172, 2023.

[34] Wolfgang M. Schmidt. Asymptotic formulae for point lattices of bounded determinant and subspaces of bounded height. Duke
Math. J., 35:327–339, 1968.

[35] Michael Simkin. The number of n-queens configurations. Adv. Math., 427:Paper No. 109127, 83, 2023.

[36] Michael Simkin and Zur Luria. A lower bound for the n-queens problem. In Proceedings of the 2022 Annual ACM-SIAM
Symposium on Discrete Algorithms (SODA), pages 2185–2197. [Society for Industrial and Applied Mathematics (SIAM)],

Philadelphia, PA, 2022.
[37] Benny Sudakov and István Tomon. Evasive sets, covering by subspaces, and point-hyperplane incidences. Discrete Comput.

Geom., 72(3):1333–1347, 2024.

[38] Andrew Suk and Ji Zeng. On higher dimensional point sets in general position. Combin. Probab. Comput., 35(1):134–148,
2026.

[39] Torsten Thiele. Geometric Selection Problems and Hypergraphs. PhD thesis, Institut für Mathematik II, Freie Universität
Berlin, Berlin, 1995.

[40] Torsten Thiele. The no-four-on-circle problem. Journal of Combinatorial Theory, Series A, 71(2):332–334, 1995.

[41] Martin Widmer. Lipschitz class, narrow class, and counting lattice points. Proceedings of the American Mathematical Society,

140(2):677–689, 2012.

Appendix A. Deduction of Lemma 2.2 from [12]

First, we deduce the following version of Lemma 2.2 that requires that w(E(H)) is large compared to B∆(w)
for each test function w.

Lemma A.1. Fix δ ∈ (0, 1) and r, L ∈ N with r ⩾ 2. Let γ := δ/(50L2r2), and let ∆ be sufficiently
large in terms of δ, r, L. Let H be an r-uniform hypergraph satisfying ∆(H) ⩽ ∆ and ∆2(H) ⩽ ∆1−δ and

e(H) ⩽ exp(∆γ2

). Suppose that for each ℓ ∈ [L] we are given a set of clean ℓ-uniform test functions Wℓ
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on E(H) of size at most exp(∆γ2

) such that w(E(H)) ⩾ B∆(w)∆
δ for all w ∈ Wℓ. Then there exists a

((1 + ∆−γ)/∆,∆γ)-spread random matchingM in H that always satisfies

w(M) =
(1±∆−γ)w(E(H))

∆ℓ

for each ℓ ∈ [L] and w ∈ Wℓ.

Proof. Set

P := ∆20Lrγ , Q := ∆1−20(r−1+1/(4L))Lrγ , M :=
(1 + 4∆−2γ)∆

P r−1Q
= (1 + 4∆−2γ)∆5rγ . (13)

As in [12], we consider the following three-step randomised construction.

• Step 1: Consider a random partition V (H) := V1 ⊔ . . .⊔VP obtained by assigning each vertex indepen-
dently to a uniformly random part.

• Step 2: For each i ∈ [P ], let Hi be a random subgraph of H[Vi] obtained by including each edge
independently with probability 1/Q.

• Step 3: Using a theorem of Molloy and Reed [28, Theorem 2], for each i ∈ [P ] we partition the edges
of Hi into M matchingsMi,1, . . . ,Mi,M . Choosing ji ∈ [M ] uniformly at random for each i ∈ [P ], we
obtain the matchingM :=

⋃
i∈[P ]Mi,ji on the entire vertex set.

The argument in [12, Proof of Theorem 1.3] shows that with probability at least 1−exp(−∆γ/2) this construction
is well-defined (i.e., the hypergraphs Hi satisfy the necessary conditions for the application of the Molloy–Reed
theorem), and the resulting matchingM satisfies

w(M) =
(1±∆−γ)w(E(H))

∆ℓ

for each ℓ ∈ [L] and w ∈ Wℓ. Denote this event by E . We will show that the distribution ofM conditional on
E is ((1 + ∆−γ)/∆,∆γ)-spread.

Fix a non-empty set E = {e1, . . . , eN} ⊆ E(H) of size N ⩽ ∆γ . We may also assume that E is a matching,
since otherwise the probability of E ⊆ M is zero. Let fE : [N ] → [P ] be such that ei ∈ E(H[VfE(i)]) for each
i ∈ [N ]. For each function f : [N ]→ [P ], we bound the probability of the event that E ⊆M and fE = f . For
this event to occur, in step 1 we need to have ei ⊆ Vf(i) for each i ∈ [N ], which happens with probability P−Nr;

in step 2 we need each edge ei to be included in Hf(i), which happens with probability Q−N ; and in step 3 we
need each edge ei to be included in the chosen matchingMf(i),jf(i)

, which happens with probability at most

M−N0 where N0 := |f([N ])|. Taking the product, we obtain that P[E ⊆M and fE = f ] ⩽ P−NrQ−NM−N0 ,
and by the union bound over all functions f we have

P[E ⊆M] =
∑

f :[N ]→[P ]

P[E ⊆M and fE = f ] ⩽ P−NrQ−N
N∑

N0=1

∣∣{f : [N ]→ [P ] : |f([N ])| = N0

}∣∣M−N0

⩽ P−NrQ−N
N∑

N0=1

S(N,N0)P
N0M−N0 ,

where S(N,N0) is the number of partitions of an N -element set into N0 non-empty parts (also known as Stirling
numbers of the second kind). It is easy to check that S(N,N0) ⩽ N2(N−N0), and thus

P[E ⊆M] ⩽ P−NrQ−N
N∑

N0=1

N2(N−N0)PN0M−N0 = (P r−1QM)−N
N−1∑
N1=0

(N2M/P )N1 .
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Since P r−1QM = (1 + 4∆−2γ)∆ and N2M/P = O(∆−13Lrγ) by our choice of parameters (13), we conclude
that

P[E ⊆M | E ] ⩽ P[E ⊆M]

P[E ]
⩽

((1 + 4∆−2γ)/∆)N · (1 +O(∆−13Lrγ))

1− exp(−∆γ/2)
⩽ ((1 + ∆−γ)/∆)N . □

Lemma 2.2 follows from Lemma A.1 by introducing phantom edges to artificially increase w(E(H)).

Proof of Lemma 2.2. Let H∗ be the hypergraph obtained from H by adding a matching F of s := ⌈2L∆1+δ⌉
new r-edges, vertex-disjoint from V (H). Then ∆(H∗) ⩽ ∆ and ∆2(H∗) ⩽ ∆1−δ, and

e(H∗) = e(H) + s ⩽ exp(∆(2γ)2).

Fix ℓ ∈ [L] and w ∈ Wℓ, and set

Tw := max{w(E(H)), B∆(w)∆
δ}, Rw := Tw − w(E(H)).

Define the ℓ-uniform test function ŵ on E(H∗) by setting

ŵ(Y ) :=


w(Y ) if Y ⊆ E(H),
Rw/

(
s
ℓ

)
if Y ⊆ F,

0 otherwise.

Clearly, ŵ is clean and ŵ(E(H∗)) = Tw. Moreover, for j ∈ [ℓ], the j-degrees coming from F are at most

Rw

(
s−j
ℓ−j

)(
s
ℓ

) ⩽ Rw(ℓ/s)
j ⩽ Rw∆

−j−δ.

It follows that

B∆(ŵ) ⩽ max{B∆(w), Rw∆
−δ} ⩽ Tw∆

−δ,

and thus ŵ(E(H∗)) ⩾ B∆(ŵ)∆
δ.

So, we can apply Lemma A.1 to H∗ and the families Ŵℓ := {ŵ : w ∈ Wℓ} (with 2γ in place of γ) to obtain a
((1 + ∆−γ)/∆,∆γ)-spread random matchingM∗ in H∗ which always satisfies

ŵ(M∗) =
(1±∆−γ)Tw

∆ℓ

for every ℓ ∈ [L] and w ∈ Wℓ. ThenM :=M∗ ∩E(H) is a ((1 +∆−γ)/∆,∆γ)-spread random matching in H.
It remains to verify that

w(M) =
(1±∆−γ)w(E(H))± 2B∆(w)∆

δ

∆ℓ
(14)

for every ℓ ∈ [L] and w ∈ Wℓ. Indeed, if Rw = 0 then

w(M) = ŵ(M∗) =
(1±∆−γ)w(E(H))

∆ℓ
,

which implies (14). Otherwise, Tw = B∆(w)∆
δ, and hence

w(E(H))− 2B∆(w)∆
δ

∆ℓ
⩽ 0 ⩽ w(M) ⩽ ŵ(M∗) ⩽

(1 + ∆−γ)B∆(w)∆
δ

∆ℓ
⩽

2B∆(w)∆
δ

∆ℓ
,

which also implies (14). □
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Appendix B. Numerical data for the no-four-on-a-circle problem

Here we present some numerical data for the no-four-on-a-circle problem, obtained using AlphaEvolve.

Let fIT(n) be the maximum size of a subset of [n]2 with no four points forming an isosceles trapezium and no
four points on a line. We saw in Lemma 6.1 that for large n almost all cyclic quadrilaterals in [n]2 are isosceles
trapezia, so it seems plausible that fIT(n) − fcirc(n) = o(n). Empirically, the convergence rate in Lemma 6.1
seems to be very slow, so fIT(n) might be more illuminating than fcirc(n) for small n.

Recall from the introduction that Thiele [39, 40] proved the upper bound fcirc(n) ⩽ ⌊(5n− 3)/2⌋. Actually, it
is not hard to see that ⌊(5n− 3)/2⌋ is the maximum size of a subset of [n]2 containing no isosceles trapezium
whose parallel sides are horizontal or vertical, so this quantity is also an upper bound on fIT(n).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

fcirc(n) ⩾ 1 3 5 7 9 11 14 15 18 19 21 23 26 27 29 31 33 35 36 38 41 42 44 45 47 49 50 52 54 55
fIT(n) ⩾ 1 3 5 7 10 13 15 17 20 22 24 27 29 32 34 36 38 40 43 45 47 49 51 54 55 58 60 62 64 66
⌊(5n − 3)/2⌋ 1 3 6 8 11 13 16 18 21 23 26 28 31 33 36 38 41 43 46 48 51 53 56 58 61 63 66 68 71 73

1 5 10 15 20 25 30
0

20

40

60

80

n

Lower bound for fcirc(n)

Lower bound for fIT(n)

⌊(5n− 3)/2⌋
2n

In an accompanying file with the arXiv version of the paper, we include the actual point sets certifying these
lower bounds. We emphasise that there is no guarantee that these lower bounds are sharp.
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